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PREFACE 


The subject of this book is the study of certain integrals 
defined in a type of space which is of importance in various 
branches of mathematics. The space is locally the space of 
classical Riemannian geometry, and in the large it is an orient- 
able manifold. By considering simultaneously the local and 
general properties of the space, we are led to the study of a 
class of integrals in the space to which the name harmonic 
integral has been given. 

In its original form the book formed a section of an essay 
for which the Adams Prize of 1936 was awarded, but since then 
it has been revised and entirely re-written, and the subject- 
matter has been enlarged by the addition of a chapter dealing 
with the application of the harmonic integrals to the theory of 
continuous groups. 

The first chapter is concerned with the geometry of the 
space in which the integrals are defined. The properties which 
are required for the work of later cha])ters fall into two classes, 
those relating to the differential geometry of the s])ace, and 
those which are topological })ro})erties. Both these subjects are 
treated at length in a number of standard works, and there 
seems no reason to add to the existing literature. I have there- 
fore contented myself with a brief survey of the bare essentials, 
but I hope that I have said enough on tliese topics to enable 
the reader who is unacquainted with Riemannian geometry or 
topology to understand the later chapters. The second chapter 
deals with the properties of integrals on a manifold, and in it 
I give a proof of de Rham’s theorem on the existence of an 
integral with assigned periods, while the third cha])ter intro- 
duces harmonic integrals and contains a proof of the funda- 
mental existence theorem for these integrals. 

The remainder of the book is concerned with the applica- 
tions of the theory of harmonic integrals to other branches of 



Viii PREFACE 

mathematics. It is clear that applications of our theory will 
be possible in any field of mathematical research in which a 
Riemannian manifold plays a part. But when the differential 
geometry of the manifold has special properties we are able 
to go much further with our theory than in the general case. 
I have not attempted to invent any manifolds in which the 
conditions are particularly favourable for the development of 
the properties of harmonic integrals, and I have confined my 
attention to manifolds which arise naturally in two important 
branches of mathematics. 

In Cliapter iv I consider the properties of harmonic integrals 
in the Riemannian of an algebraic variety. It is necessary to 
introduce a metric which is irrelevant in the classical theory of 
varieties, but the greater part of the chapter is devoted to 
deducing, from the properties of harmonic integrals, invariants 
of the manifold which do not depend on the metric. Most of 
the results obtained belong to the transcendental theory of 
varieties, but a few geometrical results can be deduced by the 
methods which we em^doy. But, while it is i)ossible to explain 
the results belonging to the transcendental theory without 
requiring much knowledge of the theory of algebraic varieties 
on the part of the reader, a considerable knowledge of algebraic 
geometry is required in order to understaiid the significance 
of the geometrical applications of our theory. Since these 
a])plications are at present somewhat isolated, and can only 
be regarded as preliminary, there does not seem to be sufficient 
justification for prefacing this ])art of the chapter with a 
lengthy account of the algebraic geometry of varieties. I have 
therefore confined my account of the geometrical a])plications 
of harmonic integrals to two paragraphs [§§51, 52] which 
really form an appendix to the cha])ter, and are merely in- 
tended to direct the attention of geometers to the possibility 
of further investigations. 

Chapter V considers the application of the theory of harmonic 
integrals to certain problems in the theory on continuous 
groups. The reader will require some slight knowledge of 
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IX 


group theory in this chapter, but, following the precedent of 
Chapter i, I have begun the chapter with a brief summary of 
the results which will be used. The chapter shows that our 
theory provides an alternative method of considering the 
invariant integrals introduced by Cartan in the topological 
theory of groups. In a number of important cases the results 
obtained coincide exactly with those found by Cartan. The 
chapter concludes with the determination of the Betti num- 
bers of the group manifolds associated with the four main 
classes of simple groups. In this I follow closely the work of 
Brauer and Weyl, though in places it is modified by the use of 
properties of harmonic integrals. 

In the earlier stages of preparing this book I had the ad- 
vantage of much useful criticism from Dr J. H. C. Whitehead, 
of Balliol College, Oxford, but after the outbreak of war it was 
not possible for me to continue receiving the benefit of his 
advice. Prof. T. A. A. Broadbent, of the Royal Naval College, 
Greenwich, has read the manuscript, and has hel])ed greatly 
in reading the proofs. I wish to express my thanks to both 
of these gentlemen for their great assistance, and to the staff 
of the Cambridge University Press for the care which they 
have taken in the printing of this book. 

W. V. D. H. 


Pembroke Colle^je, Cambridge 
September 1940 




Chapter I 

RIEMANNIAN MANIFOLDS 

1-1. Introduction. The theory of harmonic integrals has 
its origin in an attempt to generalise the well-known existence 
theorem of Riemann for the everywhere finite integrals on a 
Riemann surface. In making the generalisation, the first 
necessity is to determine the nature of the n-dimensional space 
which is to play the part of the Riemann surface. The space 
which we obtain is called an 7i-dimensional Riemannian mani- 
fold. A Riemannian manifold of two dimensions is not, how- 
ever, the same as a Riemann surface, and, as an introduction 
to the ideas with which we shall deal, we shall first consider the 
difference between the two concepts. These considerations will 
lead up to, and may help to elucidate, the formal definition of 
Riemannian manifolds of n dimensions which will be given 
later. 

Let us construct in the usual way the Riemann surface for 
the algebraic equation, over the field of complex numbers, 

F(z,w) = 0, 

which defines w as an algebraic function of the variable z. 
This Riemann surface is a closed, orientable (i.e. two-sided) 
surface on which we introduce certain local coordinate systems, 
which we call allowable coordinate systems. In the neighbour- 
hood of a place on the surface for which z = a we take as one 
allowable coordinate system (cr, r), where 

z — a = t = (r + ir, or z — a = t*^={(r + iry^, 

according as the place is the origin of a linear branch, or a 
branch of order n. If z is infinite at the place, we replace z — a 
by 2 “^. Then are allowable coordinates in the neigh- 

bourhood of the place if 

y = x-^ + ix^ =f{t) 
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2 RIEMANNIAN MANIFOLDS [l, M 

is an analytic function of t which is simple (schlicht) in the 
neighbourhood of the origin. All the allowable coordinate 
systems are obtained in this way, and we may call y an allow- 
able complex parameter in the neighbourhood of the place. 

If and {x[,x'^) are two allowable coordinate systems 

in the neighbourhood of a place, and x'^ are analytic func- 
tions of {x-^^ x^), which satisfy certain equations (the Cauchy- 
Riemann equations), and there exists a relation 

{dx[)^ (dx2)^ = X.[(dxi)^ (dx2)^] 

between the differentials at a point, where A is a positive 
analytic function. Thus by means of the allowable coordinate 
systems we define a local geometry on the Riemann surface 
which is known as conformal geometry. In this geometry, 
length has no significance, but angles can be defined. 

If we make a birational transformation of the fundamental 
algebraic equation, weobtain a new equation and corresponding 
to it a new Riemann surface. We denote the original Riemann 
surface by R and the new one by R\ There is a ( 1-1) continuous 
corres])ondence between the j)oints of R and i?', that is, R 
and i?' are homeomorphic. The homeomorphism has, however, 
some special properties. If P and P' are corresponding points 
of R and P', and {x^,X 2 ) and {x[, X 2 ) are allowable local co- 
ordinates valid in their neighbourhoods, the equations giving 
the homeomorxfiiism in the neighbourhoods of P and P' are 

(»=1, 2), 

(i=l, 2), 

where the functions are analytic. This homeomorx)hism is 
therefore an analytic homeomorphism. Moreover, 

x[-^ix2 = X\x^-\-ix^, 

x^-\-ix2 == X(x'^-\-ix2)^ 

where the functions are analytic, and hence 

[dxff + (dx 2 f = II [{dx[f + (dx 2 )% 
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where is a positive function. Thus the conformal properties 
of R and jB' are preserved in the homeomorphism. The homeo- 
morphism is therefore a conformal representation of the one 
surface on the other. Conversely, if two Riemann surfaces are 
conformally representable on one another by an analytic 
homeomorphism, the algebraic equations to which they 
correspond are birationally equivalent. The surfaces can 
therefore be regarded as equivalent. 


1-2. The features of a Riemann surface which we wish to 
emphasise are that it is a closed orientable surface carrying 
certain allowable coordinate systems which specify a local 
geometry, and that between equivalent Riemann surfaces 
there is a homeomorphism which relates the local geometries 
of the surfaces. A Riemannian manifold of two dimensions is 
also a closed orientable surface, but differs from a Riemann 
surface in the systems of coordinates which are allowable, and 
in the local geometry. 

The allowable coordinate systems on a Riemannian mani- 
fold of two dimensions are characterised by the properties 
(a) that there is at least one allowable system valid in the 
neighbourhood of any point, and (b) that, if x^) are allow- 
able coordinates in a neighbourhood N, and x[ and x!^ are 
differentiable functions of (Xi,X 2 ) in N, the necessary and 
sufficient conditions that (x[, x^) are allowable coordinates in 
N are: 

(i) the Jacobian — 

a(xi, X2) 

is different from zero in N and 

(ii) {x[, X 2 ) do not assume the same set of values at two 
distinct points of N. If the functions x^ have continuous 
derivatives of order u, where tfc is a x>ositive integer or zero, 
they are said to be of class u (class o) if they are analytic) ; and if 
the equations of transformation relating any two allowable 
systems of coordinates are of class u, the manifold is said to be 
of class u. 
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While the local geometry of a Riemann surface is conformal 
geometry, the local geometry on a Riemannian manifold of 
two dimensions is Riemannian geometry. We associate with 
each allowable coordinate system a positive definite 

quadratic differential form 

Edx\ -f 2Fdx^dx2 + Odxl, 

where E, F, 0 are functions of (x^, and are of class (u-i) 
if the manifold is of class u. If 


E'dx[^ + 2F'dx[dx2 + O'dx'^^ 

is the differential form associated with another coordinate 
system (x[yX 2 ) valid in the same neighbourhood, the coeffi- 
cients of the two expressions are connected by the equations 


V' - V ^ ^ 4 . 4 . « ^ 

dx[ dx2 dx2 dx2 dx'J dx'y dx2 


nr 


+ 2F 


ax' ax' 


(dx.iY 

lax'/ • 


The quadratic differential forms enable us to define in an 
invariant way the length of any arc on the manifold, as in 
elementary differential geometry. 

Two Riemannian manifolds of two dimensions which are of 
class u are equivalent if there exists a (l-l) correspondence 
between their points which is given locally in terms of allowable 
coordinate systems by equations of class u, and is such that 
the lengths of corresponding arcs are the same. If two Riemann- 
ian manifolds of two dimensions are in (1-1) correspondence 
of class u, we can always choose allowable coordinate systems 
in the neighbourhoods of any pair of corresponding points so 
that in these neighbourhoods corresponding points have the 
same coordinates. The necessary and sufficient condition that 
the manifolds should be equivalent is that in these coordinate 
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systems the coefficients of the quadratic differential forms on 
the two manifolds should be equal at corresponding points. 
If the manifolds are not equivalent, it may yet happen that 
in these coordinate systems the coefficients of the quadratic 
differential forms are proportional at corresponding points. 
In this case we say that the manifolds are conformally related 
by the homeomorphism. 

1-3. There is clearly a considerable difference in character 
between a Riemann surface and a Riemannian manifold of 
two dimensions. It is therefore worth while showing how we 
can pass from the one to the other, and how we can obtain 
properties of a Riemann surface from a knowledge of the 
properties of a Riemannian manifold of two dimensions. 
Among the allowable systems of coordinates on a Riemannian 
manifold we can find a sub-set G with the property that the 
equations of transformation from one coordinate system of G 
to another are analytic. In G there is a sub -set for which 
the fundamental quadratic form is given by 

X{dx\'\-dxl). 

If (x^^ X 2 ) and (x[^ x'^) are two coordinate systems of G^ valid 
in the same region, it is well known that 

x^ + ix^ =f(Xi±ix2), 

where the function is analytic. There is a sub-set G^ of G^ for 
which the upper sign holds. The closed orientable surface which 
is the Riemannian manifold, and which has G^ as the set of 
allowable coordinate systems, is a Riemann surface. Riemann- 
ian manifolds of two dimensions which are conformally 
homeomorphic define in this way equivalent Riemannian 
surfaces. In a later chapter we shall see that, conversely, a 
Riemann surface defines, in a unique way, an infinite set of 
Riemannian manifolds of two dimensions, any two of which are 
conformally homeomorphic. Certain invariants, in particular 
those which we shall call harmonic integrals, of a Riemannian 
manifold are unaltered when we pass from one manifold to a 
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conformally homeomorphic manifold, and therefore define 
invariants of a Riemann surface. While this method of ob- 
taining invariants of a Riemann surface is extremely artificial, 
the generalisation of it enables us to obtain invariants of the 
Riemannian of an algebraic variety of any number of dimen- 
sions which have not as yet been obtained by other means. 
J^ut there are also other fields in which we can apply the theory 
of Riemannian manifolds. 

2*1. Manifolds of class We now define a Riemannian 
manifold of dimension n. These come within the category of 
manifolds of class u, as defined by Veblen and Whitehead [io]f, 
and the reader is referred to their tract for a more elaborate 
examination of the structure of such manifolds than we give 
here. We shall give only a brief description of their character. 

In order to define any space, we begin with a set of undefined 
elements which we call points, and impose certain conditions 
on them. We postulate the existence of certain sub -sets, which 
we call neighbourhoods, and we sup]Jose that every point lies 
in at least one neighbourhood. We call the neighbourhoods 
which contain a point the neighbourhoods of the point, and 
when we say that a property holds in the neighbourhood of a 
point we mean that there is at least one neighbourhood of the 
point in which the property holds. 

The neighbourhoods with which we shall deal are also 
assumed to have the properties: 

(a) if any two neighbourhoods N and N' have a point in 
common, there is a neighbourhood of this point which lies in 
both N and N ' ; 

(b) if P and Q are distinct points of the set, there exist 
neighbourhoods of P and Q which have no point in common. 

A set of points and a set of neighbourhoods with these 
properties form a space. By putting further restrictions on the 
neighbourhoods we can determine different types of space. 

t References given in this way relate to the list of references at the end of 
each chapter. 
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The space which we now define is called a imnifold. We require 
first that the points of any neighbourhood shall be in (l-l) 
correspondence with the set N of points of the real number 
space (oji, . . . , of n dimensions which satisfy the inequalities 

la;,. I <5 (i = 

where 5 is a given positive number. If is any point 

of N, there exists a number such that all the points given by 

|a;,.-«j|<^i (i= 

lie in N, and for any such we suppose that those points of 
the space which correspond to the points of N satisfying 

form a neighbourhood. 

The number n is the same for all neighbourhoods, and is 
called the dimension of the manifold. 

The correspondence between a neighbourliood of a manifold 
and the points of the number space given by 

la;jl<^ (i = l, 

defines a coordinate system in the neighbourhood. Since any 
point lies in several neighbourhoods, there exist several co- 
ordinate systems valid at a point. Any two which are valid at 
the same point are both valid in some neighbourhood of the 
point. Let . . . , and two coordinate systems 

valid in a neighbourhood JV. Then, at points of N there is a 
(1-1) correspondence between the two systems of coordinates 
which can be expressed by the equations 

=/iK. ■••><) (i = l,...,w), 

= !/<(*!> •••>*«) (t=l,. 

Such a system of equations defines a transformation of co- 
ordinates. By saying that the manifold is of class u, we mean 
that the neighbourhoods are so restricted that the functions 
(Ji{xi,...,xj, for i= are of class u, and 
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that, when the equations of transformation are regular 
in N, that is, that the Jacobians 


9 /,- 



dx’j 

9 

dxj 


are different from zero at all points of N, The ideas of limit 
point, etc. on the manifold can be defined in terms of these 
coordinate systems. 

It is convenient to admit further allowable coordinate 
systems in a neighbourhood N. Let . . ., be real functions 
of (a;^, of class u, where are coordinates of 

the type already defined, and suppose that the functions are 
defined at all points of N and satisfy the conditions: 


(i) 


dXj 


is different from zero in N (when > 0) ; and 


(ii) there exists no pair of points x and x' in N for which 


2/t(^) = (i=l,...,ri). 


Each point of N can then be identified by the set of values of 
the functions y^, at the point. We shall therefore admit 
(Vv allowable coordinates in N, 

We now impose two conditions on the neighbourhoods 
which restrict the nature of the manifold as a whole. First, 
the manifold must be finite; that is, there must be a finite 
number of neighbourhoods whose sum entirely 

covers the manifold. Secondly, the manifold must be con- 
nected; that is, the neighbourhoods N^, cannot be divided 

into sets, each non-vacuous, N, and N. , 

which have no point in common. 


2*2. A manifold, as we have defined it, can be rej)resented 
in a sim])le manner as a locus in Euclidean space. In an 
^-dimensional number space {x^, ...,a;,J, any set of points in 
(1-1) continuous correspondence with the points interior to a 
sphere of the space is called a simplicial region of the space. We 
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consider a set of points in the Euclidean space (iCi, 
which (i) lies entirely in a finite region of the space; (ii) forms 
a connected set; (iii) has the property that those points of the 
set which lie within a distance 8 of any given point P of the 
set are in (1-1) correspondence of class with the points of a 
simplicial region N in and are given by equations 

where the functions are of class u, and where the matrix 



is of rank n at all points of N. Such a set of points is said to 
form a locus of class u in (X^, . . . , X y). We now propose to show 
that any manifold of class u can be represented as a locus of 
class in a Euclidean space, where is any finite integer not 
exceeding u. 

To i)rove this, we consider the neighbourhoods 
whose sum covers the manifold. Let (xl , . . . , be a coordinate 
system in Nj obtained by representing on 

|4|<^ (i=l,...,n) 

in the number space {x{, We define 2nr functions y{, zj 

of the points of the manifold as follows. The functions yi, z\ 
are zero at all points not in . At points of , 

yi = [(4)'^-^^?, 

4 = 4yi 

If s>Ui, these functions, regarded as functions of allowable 
coordinates valid in the neighbourhood of any point of the 
manifold, are functions of class Ui. A point P of the manifold 
lies in at least one neighbourhood Nj, and for this j, y{ is not 
zero at P. Let P and Q be two distinct points of the manifold. 
If P lies in Nj and Q does not lie in Nf, then 

yi(P]^0, yi{Q) = 0. 
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If both P and Q lie in Np and if 

y^iiP) = ym), = z|((3), 

then 3^i{P) = x{{Q). 

Thus we can always find i‘, j so that either 

or zi{P)^4(Q). 

Now let (X ^, be coordinates in a Euclidean space 
of 2nr dimensions. Consider the locus defined by 

^ir+j-l)n+i ~ 

for i = 1 , . . . , ; j = 1 , . . . , r , where the argument of the functions 
on the right-hand sides is a point P which ranges over the 
manifold. This locus is in (l-l) correspondence with the mani- 
fold. It is easily verified that it is a locus of class as defined 
above. Conversely, we may show that a locus of class is a 
manifold of class the neighbourhoods being defined in the 
obvious way. 

A representation of a manifold of class n as a locus of class 
in a Euclidean space will be referred to as a Euclidean repre- 
sentation, and will be found useful later in proving some 
general theorems. We observe that if u is finite we may take 
Ui = u, but ifu = (o this is not possible (but see Whitney [i3j). 

2-3. At this stage we may interpolate a remark concerning 
the class number u. We shall not be particularly interested in 
proving our results under a minimum number of conditions 
imposed on the manifold, and for the applications which we 
shall make it will only be necessary to suppose that u is suffi- 
ciently large for the operations which we perform. In fact, it 
will appear that every result which we establish will be valid 
if it > 6, and many will be valid for smaller values of u. We shall 
often leave as an exercise to the reader the problem of deter- 
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mining the smallest value of u for which a given result is true, 
and we shall always assume, without explicit statement, that 
u is large enough for our purpose. 

3-1. The Riemannian metric. We now make the hypo- 
thesis that the class number of a Riemannian manifold is 
greater than zero. We may therefore differentiate the equations 
of transformation connecting two coordinate systems(a;i, . . . , 
and {x [, . . . , which are valid in the same neighbourhood. We 

denote the differential of by dx^'\. The ecjuations connecting 
the differentials dx^, dx'^ at a point are 

dx'i = 

^ ?'r. 

dx^ = S o ydx'^K 
/t=l 9^7, 

In writing equations which involve functions to which one or 
more indices are attached, we shall make use of the summation 
convention, by which we agree to sum over the possible values 
of the indices with respect to each index which appears twice, 
once at the top and once at the bottom. Thus we shall write 
the above equations as 

dx'^ = ""^dx^ 
dXh 

Let {x^, be any coordinate system, valid in a neigh- 

bourhood N of the manifold, and let dx^ be the differential 

t To adhere strictly to the conventions which we adopt wc should write the 
coordinates of a point as x^), as is done in several works. But, since we 

shall in the earlier part of our work have to consider quadratic functions of the 
coordinates, it is more convenient typographically to write the coordinates with 
indices at the foot. But when we consider differentials of coordinates it is necess- 
ary to adopt the conventional rules more strictly, and write the indices at the 
top. In a derivative dxjdx/ appearing in the equation of transformation of 
differentials the suffix i is to be regarded as an upper index and j as a lower 
index. 
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of x^. We associate with each point P of N positive definite 
quadratic differential form in the differentials dx'^ 

(jijdxHx^ (gi}=gji), 

where we suppose that the forms associated with the different 
points of N are such tliat the coefficients are functions of 
(xi, ...,x^) of class u—l. There will be a form associated with 
P for each coordinate system valid in a neighbourhood of P. 
If {x^, ...,Xf^) and {x[, are two such coordinate systems, 

and 

dx^ dx\ g[j dx' ^ dx'^ 

are the corresponding forms at P, we require the coefficients 
of the forms to be connected by the relations 

dx’i dx] ■ 

Then it is only necessary to give the form at P for one co- 
ordinate system, since the others may be obtained uniquely 
by this rule. If, at every point P of a manifold of class u, we 
are given a series of quadratic differential forms, one for each 
coordinate system valid in a neighbourhood of P, which satisfy 
the properties which we have described, we say that the 
manifold carries a Riemannian metric. If 

is any arc on the manifold, we define its length to be 



The length of the arc does not depend on the coordinate 
system used. Two manifolds of class u, each carrying a 
Riemannian metric, are regarded as equivalent if (i) there is 
a (1-1) correspondence between their points which is given 
locally in terms of allowable coordinate systems by equations 
of class u, and (ii) corresponding arcs are of the same length. 
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3-2. In the applications which can be made of the theory 
of harmonic integrals there are two ways in which the metric 
can arise. In the first case, the metric is an integral part of 
the problem, and is completely defined by it. In the other case, 
the metric is not defined as part of the data, and in attaching 
a metric to the manifold a certain amount of latitude is pos- 
sible. The choice may be completely free, or it may be limited 
but still allow a certain amount of freedom. If we are given a 
Euclidean representation of the manifold in the space 
(X^, by equations 

where the functions are of class u, we shall sometimes find it 
convenient to introduce the metric by means of the Euclidean 
distance element 

ds^ = dXl-]-.,,^dX%, 

By “the metric defined by the Euclidean distance element” 
we mean the metric given by the equation 

g„d^‘dxl = 1 ,( 1 * *:*)'■ 

If the metric is once given, and we then construct a Euclidean 
representation of the manifold, it is of course clear that the 
given metric will in general be diflerent from that defined by 
the Euclidean distance element. The problem of finding a 
Euclidean representation with the property that the metric 
defined by the Euclidean distance element coincides with an 
assigned metric is one which has as yet been solved only in 
special cases. 

A case which is of some importance is that in which the 
manifold is defined as an analytic locus in Euclidean space. In 
this case, the coefficients of the form giving the metric defined 
by the Euclidean distance element are analytic. 

4*1. Orientation. A manifold of class u, carrying a 
Riemannian metric, may be called a Riemannian manifold, 
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and the term Riemannian manifold is used in this sense by 
M. Morse [7]. In the theory which we are going to develop one 
other property of the space is essential, and we shall define a 
Riemannian manifold as a space satisfying the conditions of 
§§ 2 and 3, and the further condition that it is orientable. The 
property of orientability is defined as follows. 

If and {x[,..,,x!^) are two allowable coordinate 

systems on a manifold, both valid in a neighbourhood N, we 
have imposed the condition that the Jacobian 

dx^ 

dx] 

should be different from zero at all points of N, Since this 
Jacobian is a continuous function of the ])oints of N, it has 
the same sign at all points of N. If the sign is positive, we say 
that the coordinate systems {Xi,,.,,x„) and (x[,,..,x^) are 
‘ ‘ like ’ ’ in iV', and if it is negative wc say th at they are ‘ ‘ unlike ’ ^ . 
Clearly, if (a^i, . . . , xj and (x[, . . . , x'^) are unlike, . . . , x^^) and 
(oj;, O are like. 

Now consider the set of all the allowable coordinate systems 
on the manifold. Let there be a sub-set of these with the 
properties: 

(i) every point of the manifold lies in the domain of at least 
one of the systems of the sub-set; 

(ii) if two systems of the sub-set are valid in the same 
neighbourhood iV, they are like in N, 

We then say that the manifold is orientable. An orientable 
manifold associated with a set of like coordinate systems is 
called an oriented manifold, and clearly one orientable manifold 
defines two oriented manifolds. If no sub-set of allowable 
coordinate systems satisfying (i) and (ii) exists, the manifold 
is not orientable. 

Let . . . , be a set of neighbourhoods covering an oriented 

manifold. We can find a coordinate system {x{, . . valid in 
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Nj which is like the systems of the sub-set used to orient the 
manifold, and then, if Nf^ and have points in common, 

dxf 

is positive at these points. Conversely, if coordinate systems 
(x{, can be found in the neighbourhoods iVy (j = 1, r) 

such that 

dx^ 

is iJositive at any point common to and Nj^, the manifold is 
orientable. Thus, to determine whether a manifold is orientable 
or not, we have only to consider coordinate systems valid in 
a finite number of neighbourhoods whose sum covers the 
manifold. 


4*2. Consider some examples. If {0, (j)) are polar coordinates 
on a sphere in space of three dimensions, the manifold can be 
covered by the two neighbourhoods given by 

O<0<i7r + 5 (iVi), 

\7T — 8<0 <,7T (N^, 

We may take as coordinates in N^, 

= tan \0 cos x\ = — tan \0 sin 0, 

and as coordinates in 

x{ = cot ^6 cos x\ = cot \d sin 


Then at points common to and JVg, 


^ d(x\, x\) jd (xl,xl) 
0(a:?,xlj d{d, ,p) rd(0.4>) 


tan^ ^6 > 0, 


and hence the sphere is orientable. 
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On the other hand, if we consider the real projective plane 
(x,y,z), we can cover it by three neighbourhoods JVj, 
where is given by 

\yjx\<2, I zjx I < 2; x\-= yjx, x\ = zjx] 

N 2 is given by 

\zly\<2, I xjy | < 2; x\^ zjy, xl = xjy) 

is given by 

\xlz\<2, I y/z I < 2; xf = x/z, xl = y/z. 

Each pair of these neighbourhoods has two regions in common; 
in one of these the Jacobian of transformation is positive and 
in the other it is negative. It follows easily from this that the 
projective plane is not an orientable manifold. 

5. Geometry of a Riemannian manifold. We have now 
completed the definition of a Riemannian manifold. To sum up 
this definition, a space is a Riemannian manifold of class u if 

(i) it is a manifold of class u\ 

(ii) it carries a Riemannian metric; 

(iii) it is an orientable manifold. 

In order to develop the theory of integrals, and, in particular, 
of harmonic integrals, on a Riemannian manifold, a knowledge 
of the geometry of the manifold is necessary. This geometry 
falls into two parts. The first consists of the local properties, 
and is, in fact, the study of the geometry defined by the metric, 
that is, Riemannian geometry. The second consists of the 
geometry in the large, that is, the combinatorial topology of 
the manifold. Both these topics are treated in several excellent 
textbooks, to which the reader may refer, but for convenience 
we give a brief resume of the theories, in so far as our require- 
ments demand, so that the reader may have the essential results 
before him. Complete proofs of each result stated would make 
the account unduly long, and since they are available in other 
places to which references are made, they are omitted from the 
following sections. 
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DIFFERENTIAL GEOMETRY 

In this section we are concerned with the local geometry on 
a Riemannian manifold Af. In practice, we find that we are 
only concerned with properties at a point P and at points in 
the neighbourhood of P. We may therefore confine our atten- 
tion to a neighbourhood N, and without any loss of generality 
we may assume that the neighbourhoods in which any of the 
allowable coordinate systems which we introduce are valid 
contain jV. The results obtained in this section will be found 
more fully treated in the works of Eisenhart [4] and Veblen[9], 
and elsewhere. 


6*1. Tensors and their algebra. We have already 
spoken about differentials at a point. The differentials ..., 
dx^ are arbitrary and independent numbers. When a change 
of coordinate system x-^x' is effected, they are replaced by 
dx '^, . . . , dx''\ defined by the non-singular linear transformation 


dx*'^ 




dx^, 


( 1 ) 


where the partial derivatives are evaluated at P. The object 
at P, which consists of the association of a set of numbers 
(dx^, . ..,dx^^) with each allowable coordinate system at P, with 
the law of transformation (1) is called a contravariant vector 
at P. The numbers of the set used to define the vector in any 
coordinate system are the components of the vector in this 
coordinate system. The use of the differential symbol is 
irrelevant, and it is not at all necessary to think of the com- 
ponents of a contravariant vector as the differentials of a set of 
functions. We write the components of a contravariant vector 
as and we denote it by its generic component 

The index is written at the top^in order to distinguish contra- 
variant vectors from covariant vectors which we are about to 
define, and the fact that the differentials of the coordinates 
are components of a contravariant vector is our reason for 
writing the differential of x^ as dx^. 


H HI 


2 
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A covariant vector at P is defined as a object given by com- 
ponents (?i, associated with each coordinate system, 

with the transformation law 




dxA 


the partial derivatives having their values at P. If rji are, 
respectively, contravariant and covariant vectors at P, we 
have 


^ dx', 


Vk 


= ^U'^Vk 
= &‘Vk, 


where 5^ = 0 if and = 1. The object ^hh is called a 
scalar invariant, since it is independent of the coordinate 
system. 


6*2. The vectors which we have defined are special cases 
of a large class of geometric invariants called tensors, which 
we now define. A tensor is an object (associated with a point P) 
given by components 

(h.i8=i. •••>«) 

in the coordinate system {x^, ...,x,^), with the property that 
its components in any other coordinate system 

(x[,...,x',) are given by 




dXj 


dx 


a,. 


dx„^ dx]^ 


dx\ 




dx] dx] dXf. dXf, 

• I f'p ^ I '• 


(2) 


where W is an integer. The tensor is generally represented by 
its generic component. The lower indices are called covariant 
indices, and the upper indices contravariant indices, W is the 
weight of the tensor, and (p + ?) is its rank. If there are no 
contravariant indices we speak of the tensor as a covariant 
tensor, and if there are no covariant indices the tensor is said 
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to be a contravariant tensor. If IT = 0, the tensor is said to 
be absolute, and if 2 ? = ? = 0 it is scalar. Two tensors with the 
same number of indices of each type, and with the same weight, 
are said to be like. If the components of a tensor are all zero 
in one system of coordinates, the law of transformation shows 
that they are zero in every system of coordinates, and the 
tensor is then called a zero tensor. 

From the law of transformation we also see that if T is 
symmetric or skew-symmetric in ij., is (or in jy,,js), is 

also symmetric or skew-symmetric in (or in j^, jg). The 
most important case of this occurs when the tensor is a co- 
variant tensor or a contravariant tensor, and when it is sym- 
metric, or skew-symmetric, in each pair of indices. We then 
say that the tensor is a symmetric tensor, or a skew-symmetric 
tensor. From the definition of the Rieniannian metric 

g^jdx^dx^ 

it follows that is an absolute symmetric covariant tensor. 
We call it the (covariant) metrical tensor, g^dx^dx^ is an 
absolute scalar. 


6*3. Certain algebraic operations on tensors are permissible. 

I. Addition of tensors. If are like tensors, 

at a point, a tensor which is like to each can be obtained by 
adding corresponding components in the same coordinate 
system. This follows at once from the linear nature of the law 
of transformation. The sum is denoted by 




Jq 

,lp‘ 


II. Multiplication of tensors, are two tensors 

at a point of weights and respectively, given by their 
components in the coordinate system .,,,xf). Let 

E^r ’Jq + S _ rpji...jq + + * 

We can define a tensor of weight + by saying that its 
components in the coordinate system {Xl,.,,,XJ^) are the 
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numbers 1» •••»»)• If we now determine its 

components in the coordinate system (x [, . we have 


Tf/3l...jq + 


dx'i 


moi 
^ (ii 


.(Ip hr 0^' ' 


dx^ 

dXf 


(Ip+T 


jj \ r 


dx\ 
h 


dr'. 


_ rpfjt...jq Ufjq\-1 ...h\g 
— ^ ^ ip+i...ip+r' 

Thus the tensor jR|j is determined uniquely by the tensors 
Tiy/’ll and independently of the coordinate system. 

It is called the product of the two tensors. 


III. Contraction of tensors. Let be a tensor of weight 

W, given by its components in the coordinate system . . . , x^), 
Reyilace jg by k, and a])ply the summation convention. 
Write 

We define a tensor of weight W by giving the com- 

ponents the above values in the coordinate system {x^, ..,,xf). 
For convenience we consider the case in which r = p and s = q, 
but the following argument is valid in all cases. When we make 
a transformation of coordinates we obtain the new components 


at 3 i... 3 q~\ 


dXi 

dx] 

dXi 


a*', '"dx!: 


I 


dx\ 


jq-i 


dXf, 

On - 


dx.. ^ dx.. dx!: 

Op -1 (Ip 3i 


q -1 

H- 


5a;;. 


6....fc,5a:„ 

K,'" 34 


_ /Jl'3l.’.3q-lk 


The tensor is therefore defined uniquely by the 

process which we have described, from We describe 

the process by which we pass from to as con- 

traction. Since we may give r and s any values, it follows 
that from we can obtain pq tensors by contraction. 

By repeating the process, further tensors may be obtained. 
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Given any finite number of tensors, by repeated application 
of the rules for the addition, multiplication and contraction 
of tensors we obtain other tensors. If in this way we arrive at 
a zero tensor we have a tensor equation connecting the tensors, 
which holds in all coordinate systems. 


7*1. Numerical tensors. The metrical tensors. Cer- 
tain particular tensors which are of frequent occurrence may 
be noted here. 

(i) Let Stt 

be a number which is zero unless and are 

derangements of the same p distinct integers lying between 1 
and n, and which is -f- 1 when is an even derangement 

of and is — 1 when it is an odd derangement. We 

define a tensor of weight zero at a ])oint by taking its com- 
])onents in the coordinate system to be 


Its components A'Y'.j^ another coordinate system are 


Ml ..Mp 


di, . •(ip 


dx’j 

ax;, 



K 

K 


"K 


dXap dx'j^ 


dXj 

dx,,. 


Thus there is a unique tensor whose components in any 
coordinate system satisfy the equations 


We denote this tensor by 


gji-Jp 
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(ii) By a similar argument we prove by direct calculation 
that there is a skew-symmetric tensor, which we denote by 

of weight — 1, whose components in any coordinate 
system satisfy the equations 

(iii) Similarly, we show that there is a skew-symmetric 

tensor of weight -f 1 whose components in any coordinate 

system satisfy the equations 

eH-in = 

A tensor of weight -h 1 is called a tensor density. 

7*2. The coefficients of the differential form 

cj^jdx^dx^ 

are components of an absolute symmetric co variant tensor, 
which we have called the covariant metrical tensor. In any 
coordinate system we can solve the equations 

for the unknowns since | | ^ 0, the quadratic form being 

definite. Clearly 

gi) = gii^ 

We define g^^ in this way for each coordinate system. We now 
define a tensor by the condition that in the particular 
coordinate system {x ^, we have 

= g^K 

From the invariance of tensor equations we have 
in any other coordinate system. Hence 
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in every coordinate system. We denote the tensor by 
and call it the contravariant metrical tensor. 


Finally, if 
we have 



dx'i 


and hence gr is a scalar of weight 2. Similarly, is a tensor 
density. 


8*1. Parallel displacement. The tensors which we have 
discussed are located at a definite point of our manifold, and 
form a vector space, which we call the tangent space, at the 
point. A (l-l) correspondence between the tensors at a point 
P and the tensors at a point P' is called a parallelism if 

(i) absolute scalars at P correspond to equal absolute 
scalars at P' ; 

(ii) when Tl;;;;!;, ... are tensors at P, and 

••• fbe (like) corresponding tensors at P', then 
the tensor obtained by performing any series of operations of 
addition, multiplication, and contraction on ... 

corresponds to the tensor obtained by performing the same 
series of operations on .... 

In differential geometry it is necessary to establish a 
parallelism between the tangent spaces at any two points P 
and P' of the manifold. It is not necessary that this parallelism 
should be unique, and we shall see that the parallelism which 
we introduce depends not only on P and P', but also on the 
choice of an arc on the manifold joining P and P'. 

In a suitable coordinate system, let P be the point {x ^, . . . , 
and P' be (x^ + eH, ,..,x^ + €H). We shall be chiefiy concerned 
with values of t which tend to zero, and in the equations which 
follow terms in t of the second or higher orders are of no 
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importance. Let be an absolute contravariant vector at P, 
and denote the parallel vector at P' by Let us con- 

sider the case in which is given by an equation of the form 

where L)j^ depends only on P (in the given coordinate system). 
Neglecting terms of the second and higher order in t, and 
writing e^t we say that the equation 

6x^ = 0 

defines the infinitesimal 2 )arallcl dis])lacement of the vector 
at F corresj^onding to the displacement SxK 
We now consider a change of coordinate system. In the 
following equations a partial derivative enclosed in brackets 
denotes the value of that derivative at P, and a partial deriva- 
tive enclosed in brackets with a suffix denotes the value of 
the derivative at the point indicated by the suffix. Let P have 
coordinates {x[, ...^x^) in the new coordinate system, and let 
P' have coordinates (x[, Then 

x'i = x^ix'-i^et) 

= -h e'H, 

where e'* = e’ + 0{t). 

The new components of are 
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Hence, if 
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The object at P which consists of the association of a set of 
numbers Ljj. with each allowable coordinate system having the 
law of transformation 


dx\ ^ 04 0^a:, 

dx^ dXf, dx^ dxf^ ^x^ 


is called an affine connection. It will be observed that in order 
to define an aflfine connection, the manifold must be of class 
two at least. We now suppose that an affine connection is 
given at each point of the manifold, the components being 
functions of class {u — 2 ). 

Let Q be any other point of the manifold and let 


Xi^xiit) (O^Kl) 

be an arc C joining P to Q. The differential equation 


P - 0 


dt 


has a unique solution reducing to at ^ = 0. Let be the 
value of this solution at ^ = 1. We say that the vector at Q 
is the parallel displacement with respect to C of the vector 
^0 at P. It is unaltered by a transformation of the coordinate 
system. 


8-2. So far we have only considered contravariant vectors. 
Let us now consider the scalar ^ at P of weight W, We define 
the infinitesimal parallel displacement of <f> to P' as (f>-\-d<f>y 
where 


But it is necessary to show that this definition is independent 
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of the coordinate system. For any transformation of co- 
ordinates we have 




■(!Sn['-(*l(gH 

■(isrit-t'affl-'] 


(4> + d(J>) + 0{t^) 

(l>[l + WLike^t] + 0(fi) 

+ 0(t^) 


This proves that the definition is independent of the coordinate 
system. We now define parallel displacement of a scalar along 
the arc 0 by means of the <lifferential equation 




dxj. 


8-3. The definitions of the infinitesimal j)arallel displace- 
ment of a contravariant vector and of a scalar of weight W 
enable us to fix uniquely a parallelism between the tensors at 
P and at P\ If rji is an absolute covariant vector, and is 
an absolute contravariant vector, is an absolute scalar. 
Hence the parallel displacement is given by 

0 = + 0(t2) 

and since this is to be true for all vectors we must have 
drji^ 

as the equation defining the infinitesimal parallel displacement 
of 7/^. Next, let be any tensor of weight W at P. The 

infinitesimal parallel displacement is found 
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as follows. Let 7}(^i be any q absolute covariant vectors 

and . . . , be any p absolute contravariant vectors. Then 

T^dl • ■ ■ Vk)J, • Sp) 

is a scalar of weight W. By the condition (ii) for parallelism 
we must have 


0 = d( Tf ■ ■ • ^p)) 

- WL^H Tttvm. ... ... 0 (<^). 

But = L^^rf(^)keH+0(t^), 

and dgfg) = - Lj* + 0{t% 

Hence 



s= 1 

- WLl€<^tTtil\ Vi.)u- Via)iA) •••?& + 


Since this is to holdwliateverthevectors%)^, ^(i)> • • • j S(p) 
are, we obtain as the equation for parallel displacement of a 
tensor 


r=l s=l 


- = 0 . 


( 4 ) 


Conversely, if the infinitesimal parallel displacement of a 
tensor is defined by this equation, the correspondence between 
the vectors at P and at P' is a ])arallelism. When the affine 
connection is defined throughout the manifold, we define the 
parallel displacement of a tensor along any arc C by means of 
a differential equation, as in the special case of a contravariant 
vector. 

There are more general ways of defining parallel displace- 
ment, but we shall not have occasion to consider them. 
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91. Covariant differentiation. We suppose that an 
affine connection is given at all points of the manifold, the 
components in any coordinate system being of class (^fc“2). 
Up to the present, we have considered tensors defined at a 
point, and parallel displacements. We have now to consider 
a field of tensors, that is, a set of tensors associated with the 
points of a region of the manifold, the components of the terms 
being functions of class v {i)<v<u) of the points of the mani- 
fold. For example, the metrical tensor belongs to a tensor 
field of class {u — i). 

Let us consider a tensor field of weight W. The law 

of transformation (2) holds at all points where the field is 
defined. If we differentiate this equation with respect to x'j. 
we obtain 


dx'i. 


dXi 

dx] 




dx„^ dx, dxj^ 




dx^ dx'i^ ■ ■ ■ dx\^ dx'k dx,,^ ' ' ' dx^^ 


+ 


+ 


+ W 

dX: 


dx^ 

dx'j 


'I' d% dx] 

dx'j dx'if. dx'j 


dx., 


dx'j 


dXj 

dx] 


3 > , 


a»-ivas 1 - 1 . 


dx„ 


dx„ 


w 


a 

V 

r^\ 


y T 


bx..,br ~\C br+i...b^ 




dx„ 




0^, 








dx'i^_^ dx'j^dx'^. 




dXb 

Oq 


dx'- 


9%-. 

0x^ dx'j_. , 



dx^dxa 04 dx„^^^'"dx„ ' 


The derivative is not a tensor, since the equations of trans- 
formation contain partial derivatives of the second order. By 
equation (3), and the equation obtained from it by inter- 
changing the dashed and undashed letters, we can eliminate 



COVARIANT DIFFERENTIATION 


29 


I, 9-2] 

the second derivatives and obtain an equation which involves 
the components of the affine connection in the two coordinate 
systems. On reducing the equation so obtained, we get 




dXf 


W 




dx„ dx„ dx', dx'i 


ap 


k 


where 


. . dT • • 

rp3i...Jq 3,1. ..Ip 'yt mjt...jr-t(‘Jr\i..Jq rJr 

-*■ ii...ipik 0 ^ > ii ip^ck 


^k r --- 1 
P 




and is similarly defined. 

Thus, by means of the affine connection we can deduce 
from the partial derivative of a tensor another tensor, of the 
same weight but witli one more covariant index. This wo call 
the covariant derivative of the tensor. It will be noted that if P 
is the point ...,ir,J and P' is (iEi the 

infinitesimal j)arallel displacement to P' of the tensor P i';;.*/® at 
P belonging to a tensor field is 




We prove immediately that 


and 


^ ix...iphk ii...ip^k^ ^ ^\...^pik'> 

r/77Ji...y« _ mji..Jq jnmi...ms , mji ...jq Qmi...m8 

ix...ip*^h I, .\^k — ^ ii...ipyk^li Ir ^ ix...ip<^^h Ir ^k- 


9*2. Provided that the class number v is sufficiently high, 
we can repeat the process of forming the covariant derivative 
of a tensor in a tensor field. But in general the second co- 
variant derivative is not symmetrical in the indices which 
denote differentiation. This can be verified by direct calcula- 
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tion. We omit the details of the calculation, which is quite 
straightforward, and merely state the formula ; 


ii...ipitiS ~~ Za ^ U ip^aat 

r^l 


_ V — 971^1 ~ . 

2 j st '' ix...ip^ash 


r=l 


where *, = L*, - 

and + (6) 

From the equation (3) we prove that Q% is an absolute tensor. 
We subtract from (3) the equation formed by permuting b 
and c. The resulting equation gives the law of transformation 
of I? which is that of a tensor. 

Again, is also an absolute tensor. To i)rove this, take 
^iiy. ’ip absolute contravariant vector Since 


is a tensor, so is We therefore have the transformation 

law 






dXi dx^ dx„ 


dxi dx'^ dx't ' 
Since this holds for all vectors we have 


D't _ Jil ^3 ^3 

dx, M ’ 

that is, Bjgf is a tensor of weight zero. We call it the curvature 
tcMsor. 


9*3. Direct calculation shows that the covariant derivatives 
of the numerical tensors are zero. Consider, for example, 
We have 

n 

. .ij—i fit t* ^1. . .?n . . i-n 

s=--l 

The results for and are proved similarly. 
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10-1. Riemannian geometry. Riemannian geometry is 
defined by the properties: 

(i) there exists a fundamental metrical tensor field ; 

(ii) the affine connection is symmetric in the two lower 
indices ; 

(iii) the length 

of any absolute contravariant vector is unaltered by iiifini- 
testimal parallel displacement. 

We have defined as the skew-symmetric part of the 
affine connection. We denote the symmetric part by so that 

In Riemannian geometry we have 

= n. 

From the invariance of the length of we have 

where gij{X’\-8x) denotes the value of g^ at ..., 

Xj^-\-8x^^)y and 

~ LlVSxK 

Hence 

that is, = 0. 

Since this holds for all vectors and for all displacements, 




Solving this equation, we obtain 

L9% 


ru = 


1 fit a 

2G 


dx^ 


^jhk 

9a:„_ ■ 


The components of affine connection in Riemannian geometry 
are called Christojfel symbols. 
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10-2. 

From the equations 




II 

11 

0, 

^k,l — 

we have 

9^^>i9jk — 

0, 


hence 

9^Ki9ik9’“ = 

fKt 

SI 


= 

9^,i 

= 0. 

Again 

II 

1 




c 

1 

1 I 

II 




= fif [9airfk9'^ + 9i,ir'jk9'‘ - 

= 9[nk+ru-mk] 


= 0 , 


and, similarly, Qg),^ = 0. 

From this last equation, which we write as 

we deduce that in Riemannian geometry 


rT ryf 

Hence 

and, since we have, by definition, 

= 0, 

the last two terms in the formula for the interchange of the 
order of covariant differentiation are absent. 


10-3. There are certain identities satisfied by the curvature 
tensor which we must now prove. 

(i) For all affine connections 


^ijk = ^ikj- 
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(ii) For all symmetric aflSne connections the formula (6) 
leads at once to 

= 0 . 


(iii) In Riemannian space it is convenient to introduce a 
covariant tensor of rank four, which we call the Riemann- 
Ghristoffel tensor: 

^ijkl — 9ia ^jkl- 
Clearly, R^^f^ = —R^ju^, 

and + Rij^j + Rujk = 0. 


Since = 0 = 

we have B%t = 0, 


and therefore 

Now add the two equations 


^ijkl + ^iklj +■ ^iljk — 
^jkW^^jnk = 

We get (^^ikij + ^jkii) + {l^ajk + ^^jiik) = 

and, by the identities already obtained, we have 

U^kUj + ^kjli) + (^lijk + ^IJik) = 

^nd + Rf^i^j + 2Ri^-jj^ + Rij^ij = 0 ; 

and therefore Rj^jn = Rnkj- 


1 0-4. In § 3- 1 we defined the length of an arc in Riemannian 
space. Consider an arc C, and express the coordinates of points 
on it as functions of the distance s measured from a fixed 
point of C. At each point of C therg is defined a contra variant 
vector called the tangent vector, whose components are 
given by 

^ ds • 


Hill 


3 
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The arc C is called a geodesic if the tangent vector satisfies 
the equation 

It can be proved that through any point P of the space there 
passes a unique geodesic whose tangent at P is any assigned 
contravariant vector, and that there exists a neighbourhood 
of P with the property that each point Q of this neighbour- 
hood can be joined to P by a unique geodesic lying entirely 
in the neighbourhood. The length of this geodesic is called the 
geodesic distance between P and Q, and the locus of points at 
a constant geodesic distance from P is called a geodesic sphere, 

11. Geodesic coordinates. The affine comiection is not 
a tensor. We have seen that if the components of a tensor 
vanish in one system of coordinates they vanish in every 
system of coordinates. This is not the case for the affine 
connection. 

Given the components of affine connection in the coordinate 
system equation (3) shows that in order to find a 

coordinate system (x[,,,,,x'^) in which Ljl = 0 we have to 
solve the equations 

^ ra 

dxjdx^. 

The necessary and sufficient condition that there should exist 
a coordinate system in which the components of affine con- 
nection vanish is that these equations should b(3 completely 
integrable. Tlie conditions for this are found to be 

■‘^jk ^kj ^ jki 

and = 0. 

The first condition is satisfied in Riemannian geometry, but 
in general the second is not. When it is satisfied the Riemann- 
ian geometry is said to be flat, and it can be shown that the 
geometry is equivalent to ordinary Euclidean geometry. 
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The local geometry of a Riemannian manifold is not, how- 
ever, flat, so we cannot find a coordinate system in which the 
components of affine connection vanish at the points of a 
neighbourhood. But, let us consider the transformation of 
coordinates 

x'i = Xi-Xi + ^'£, (C*)x iXf - Xf) {Xk - iCfc). 
jk 

Equation (3) shows that in the coordinate system (x[y 
the components of affine connection vanish at the origin of 
coordinates. Now make a further hnear transformation 

j 

of the coordinates, so that 

i 9ij(0)xlx'j==i(xiy\ 

i,;=i 

In the coordinate system {x'l, the components of affine 

connection vanish at the origin, and at the origin we have 

gH= l, 9"h = j), = 0. 

A coordinate system with these two properties is called a 
geodesic coordinate system at the point which is the origin of 
the coordinates. The use of geodesic coordinate systems is 
convenient since, when we are performing calculations, the 
equations which we obtain are simpler than in the case when 
general coordinate systems arc used. The following facts, which 
hold when we deal with geodesic coordinates, will be of con- 
siderable use in later chapters: 

(i) the first covariant derivative of a tensor is equal to the 
ordinary derivative at the origin of geodesic coordinates ; 

(ii) at the origin of geodesic coordinates 

p. , = ^ 

2 \ 9a:j- dxi dxj dx^. dxi dxi dx^ dxj ' 


3-2 
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TOPOLOGY 

In the following paragraphs we give a brief account of the 
more important topological properties of Riemannian mani- 
folds, which will frequently be used in later chapters. The 
proofs of the theorems which will be stated can be found in 
standard treatises on topology, and it is unnecessary to repeat 
them here. The reader is therefore referred to the standard 
works, such as those of Lefschetz Seifert and Threlfall[8], 
or Alexandroff and Hopf[iJ. In the account which follows, 
exiilicit reference to these works will not be made ; but in the 
case of certain results not proved in these books, references 
will be given to the original papers in which the theorems are 
proved. 

12-1. Polyhedral complexes. In the Euclidean space 
(^ 1 , ...,a;J, consider p+l independent points 
If P^ has coordinates {x \, ..., x^), the matrix 



is of rank ^ + 1 . The set of points given by 

(i = 

where (^ = 0, . . .,p) 

and Ao+ ... + = 1, 

forms a rectilinear p-simplex, or a rectilinear simplex of p 
dimensions, which we denote by (Pq ... i^). If we replace the 
inequalities 

by K ^ 0, 

the set of points obtained is called the closure of 

and the difference is the boundary of the simplex. The boundary 
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therefore consists of 



simplexes of dimension k, for 


We now consider a finite set of rectilinear simplexes in 
of dimensions 0, having the pro})erties: 


(i) no two simplexes of the set have a point in common; 

(ii) every simplex lying on the boundary of a simplex of 
the set belongs to the set. 

Such a set of simplexes forms a polyhedral complex of n 
dimensions. Thus the simplexes forming the faces, edges, and 
vertices of a tetrahedron form a polyhedral complex of two 
dimensions. 

if(/>...p^) is any jo-simplex of the set, it can equally well 
be denoted by ... where •••? is any derangement 
of the numbers (0, ...,p). These derangements fall into two 
classes, those which are obtained from (0, ...,^) by an even 
permutation forming one class, and those obtained by an odd 
permutation forming the other. Any derangement is obtained 
from another of the same class by an even permutation, and 
from a derangement of the other class by an odd permutation. 
We now define an oriented simplex from (P^ . . . i^) by associating 
with it one of the classes of derangements of the suffixes, and 
we denote the oriented simplex by (without the 

brackets), where (io, is a derangement of the associated 
class. The oriented simplex obtained by associating with 
(Pq.../^) the other class of derangements is denoted by 
where (Jq, is an appropriate derangement of 

(0, . . . , ^), but we also denote it by —P^^...P^^, 

If we orient (in an arbitrary manner) all the simplexes of a 
com])lex, we obtain an oriented complex. We introduce the 
ideas with which we shall deal by considering certain pro- 
perties of an oriented polyhedral complex. 


12*2. We denote the oriented p-simplexes of the poly- 
hedral complex K by Pj, {i=l, ...,ap), for p = 0, 

We take the oriented ^-simplexes Pj, (i= 1, as the 
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free generators of an additive group. The general member of 
the group can be written as 

where is any integer (and we make use of the summation 
convention). is called a p-cJiain. 

Consider the p-chain E^,, equal to the oriented simidex 
P- ...P . We define the boundary of this to be the (p- 1)- 
chain 

F{Ei) = = 2 ( - ^yPu-Py-. Py,, - Pip’ 

and it can be verified at once that this boundary does not 
depend on the particular derangement . . . i^) chosen within 
the class of derangements which orient the j^-simplex. Ihe 
boundary of -Pu---Pip is -Cp-v The boundary can be 
written as 

where ip)V} = — 1, 0, or 1, 

and the summation with respect to j is from j = 1 to J 
The number is thus defined for all i, j 
I ^ and for all values of p (l^p^n). We write the 
relation between Ep and its boundary chain as 

Ep-^ip)VjEi-v 

These relations, for i = I , . . . , form the incidence relations for 
the |}'simplexes of K, and the matrix 

(j?)^ iip)Vj) 

is called the ^^th incidence matrix. If 

C.p = a,Ei 

is any ^-chain, we define its boundary as 
c;_i = aup)V^P^-l^ 
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j = 0 Lfc = 0 


= 0 . 


Hence (p)i/j -> E ^_2 = 0, 

that is, (j,)ia.(p-i)iQ = 0, (7) 

and, in general, if 6^ is any chain, 

F{C.p)->0, 


12*3. A p-chain whose boundary is zero is called a p-cycle. 
The result which we have just established tells us that the 
boundary of any (p-h l)-chain is a ^-cycle, or else zero. But 
the converse result, that every p-cycle is the boundary of a 
(p-{- l)-chain, is not generally true. We therefore distinguish 
the cycles which are boundaries by calling them bounding 
cycles. If Cp is a bounding cycle, wc say that it is homologous 
to zero, and write 

6;~o. 

If and Cp are two p-chains such that 

we write 

In order to determine the p-chains of K which are ^-cycles, 
and to find which of the cycles are bounding cycles, we make a 
change of base for the groups of {p + l)-chains, ^^-chains, and 
(^ — l)-chains. By using (7), and an elementary result in 
matrix algebra, we can show that new bases 

Gi+i(i= Giij = 
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can be found so that the incidence relations can be written in 
the following form (in which the summation convention does 
Tiot apply): 

Cp^i->diCp (i = 

— Pp+i~^ 

C^p->0 (j = ^ 

Ci -> 0 (j = Pp +Pp+1 + 1, . . . , ap).> 

In these equations, Pp is the rank of (p)TQ and 

are its invariant factors; while pj,+\,d^, are similarly 

related to (^+i)iQ. If is any p-cycle of K, 

Pp \ ^ . 

3 = 1 i=pp+pp \i+i 

where apb^ are integers. If is the boundary of a chain 

ap + i 

S CfC'+i, then 
1 

Pp \ I . Pp^i . ^P 

S«yC'J,+ X b^G], 

£==1 3-1 3 = Pp-^ pp \\-^-l 

and hence bj = 0 (j=Pp+Pi,+i+^ 

and s 0 (moddy) 0= 

Conversely, if 6^ = 0 {j=pp+Pp+i + ^, ••;0<'p) 
and ctj — ^jdj I? 

Pp + t 

Fp is the boundary of 2 

£ = 1 

The p-cycles of K form an additive group which is a 
sub-group of the additive group ofp-chains. The group has 
a sub-group consisting of the boundary p-cycles, and the 
result which we have established shows that the factor group 
H = GJG^ is generated by = <X'p—Pp-Pp+i free generators, 
corresponding to C], {j=Pp+Pp+i+l, ■■■,<x.p), and 0^ gener- 
ators of finite order corresi^onding to the cycles C^p(j=l, 
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where dj, are the invariant factors of which are 

greater than unity. 

The group H is the direct sum of an infinite Abelian group 
having free generators, and a finite Abelian group 
generated by generators of orders The group 

is called the Betti group of A, and is the ^th Betti number 
of K, The group is called the pth torsion group of A, and 
di, • . d^^ are called the pth torsion coefficients of K. 

Any cycle which can be written as 

Pp+i 

is either a bounding cycle, or else there exists an integer 
A > 1 such that 

Ar^^o. 

In the latter case we say that F^ is a divisor of zero, and we say 
that 7 p is homologous to zero with division, writing 

F^ ^ 0 , 

If Fp and are two p-chains such that 

we say that they are homologous to each other with division, 
and write 

12*4. Before leaving polyhedral complexes, we describe an 
operation on a complex K, known as regular sub-division. 
This consists in breaking up the simplexes of K into smaller 
simplexes, according to definite rules. 

We define the process by induction on the dimension of the 
simplexes of K, In a 1 -simplex (Pq A) ^ point Q, and then 

replace (P q P i) fiyf he 1-simplexes (PqQ), (QPi)andtheO-simplex 
Q, This gives a regular sub-division of (PqPi), and we can there- 
fore form the regular sub-divisions of all the 1-simplexes of K. 
We now suppose that the process of regularly sub-dividing sim- 
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plexes of dimension less than p has been defined, and that the 
g'-simplexes of K have been so sub-divided, for g=l,...,p— 1 . 
Consider a p-simplex and in it take a point Pp. This point 
Pp can be joined to any simplex of the sub-divided boundary 
of Pp by a rectilinear simplex, and the sum of the simplexes 
so obtained, together with the 0 -simplex Pp, exactly covers Pp. 
This gives the required sub-division of Pp. If we sub-divide 
each 2?-simplex of K in this way, we carry our process to the 
stage at which each simplex of dimension less than p + 1 has 
been sub-divided. By continuing the induction we arrive at a 
stage at which all the sim])lexes of K are sub-divided. The new 
set of rectilinear simplexes forms a complex K' which is a 
regular sub-division of K. Each simplex of K is clearly covered 
by a set of simplexes of K\ 

The simplexes of K' can be oriented in any way we please. 
It is sometimes convenient, however, to impose a condition on 
the method of orienting the new simplexes. Consider any 
j 9 -simplex This may lie on a j 5 -simplex 

(Pq . . . i^) of P. In this case, one (p—l )-simplex on its boundary 
lies on a (^-* 1 ) -simplex of the boundary of (i^.-.i^). Let 
these l)-sim])lexes be ... Then is 

the new vertex introduced into (J^ . . . Pp) in forming its regular 
sub-division. We fix the orientation of ((^0 Qp) inductively 
as follows. 

(i) If p = 1 , and the orientation of (PoPi) is given by ^PqPi 
(^ = ± 1 ), the orientation of the new l-simj)lexes are given by 

^PoQ, ^QPv 

(ii) We now suppose that the orientations of the (^— 1 )- 

sim plexes of K' which lie on {p — l)-simplexes of K have been 
fixed, and that the oriented simplexes formed from Qi^)^ 

■■■Qip> •■•Pjpii’V = ± 1 )• Then, if the 
oriented ^-simplex of K is the oriented ^^-simplex 

We can describe this process of orienting {Qo-.-Qp) as 
follows. We suppose the vertices are arranged so that 
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^ =z= + 1. {Qq.., Qp) and (i^ ... i^) lie in a ^-space of the 

Euclidean space We may suppose this space to be given by 

S+i = = 0. 

If has coordinates and Qj^ has coordinates 

( 2 /i 5 condition (ii) is equivalent to saying that the 

determinants 


x{’ 

•• 4 " 1 

and 

yt" • 

•• f; 1 

1 4'’ 

... 4^ 1 


yi" ■ 

•• y'p^ 1 


have the same sign. 

A |?-simplex of K' may, on the ottier hand, lie on a simplex 
of K of dimension greater than p. In this case, no restriction 
on the orientations of the^-sim])lex of K' is imposed at present. 

We shall adhere to this convention for orienting the sim- 
plexes of a regular sub-division. Its main advantage is that it 
simplifies the statement of some theorems. 

12*5. We can now carry through the investigations made 
in §§12-2, 12*3, for the complex K\ By purely algebraic 
reasoning certain relations between the properties of K and 
the properties of K' can be obtained. The two following are of 
importance in the sequel: 

(i) If the incidence relation 

holds in K, and in it we replace i by the chain-sum (with 
coefficients -f 1) of the l)-sim])lexes of K' which lie on 
if similarly replace by the chain-sum of the 
^-simplexes of K' on the incidence relation holds in K'. 

(ii) The ^th Betti number of K' is equal to the ^^th Betti 
number of K, and the ^^th torsion coefficients of 1C are equal 
to the ^th torsion coefficients of K, Thus the ptla Betti group 
and torsion group of K' are isomorphic with the jpth Betti 
group and torsion group of K. 



44 RIEMANNIAN MANIFOLDS [l, 13'1 

13-1. Complexes of class v. The algebraic theory of 
complexes described in the preceding paragraphs does not 
depend in any essential respect on the fact that a ^-simplex is 
a rectilinear simplex lying in a Euclidean space of p dimen- 
sions. Indeed, we could equally well apply it to any set of 
objects in (1-1) correspondence with the simplexes of a com- 
plex. In this paragraph we consider a generalisation which is 
required in order to apply the theory to manifolds. 

Consider a rectihnear j9-simplex (i^ . . . i^), and let {u^, 
be a set of coordinates (e.g. cartesian coordinates) in the 
p-space in which it hes, valid in a region containing the 
simplex. Let m,,) (i = 1, ..., iV^) be functions of 

{ui, ...,Up) of class V in a region containing the sim]ilex. Then, 
in the Euclidean space (Xj, consider the locus defined 

by the equations 

~ (* ~ •••>-^)» 

for all values of the parameters (# 1 , . .., m^,) in the simplex. We 
call this locus a p-simplex of class v. The simplex is said to be 
non-singular if 

(i) the correspondence between its points and the points 
of (Pq ••• Pp) i® (I'l) without exception; and 

(ii) when v > 0, the Jacobian matrix | is of rank p at all 
points of (Pq.-- Pp). 

Otherwise the simplex is said to be singular. 

A complex of class v is a finite set of simplexes of class v, 
such that the simplexes on the boundary of any simplex of the 
set belongs to the set. The complex is non-singular if its sim- 
plexes are all non-singular, and if no two simplexes have a 
point in common. It is clear that the notions of orientation, 
chains, and so on, can be carried over directly to complexes of 
class V, and the results of §§ 12-2-12'5 can be applied. 

13'2. When the class w of a simplex is greater than zero, it 
is often convenient to define its orientation by means of para- 
meters used to represent it. An oriented simplex Ep, of class 
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V, is defined as the image of an oriented rectilinear simplex, say, 
Pq . . . Let ( 2 ^ 1 , . . -Mp) be cartesian coordinates in the linear 
space containing Po...i^, and let the coordinates of be 
If the determinant 


1 

1 


... ul 
uf ... 


is positive, we say that are parameters in con- 

cordant with the orientation of Pp. If the determinant is 
negative, the parameters (u^, ...,?^p) are concordant with the 
orientation of — Pp, and ( — ifci, %,..., t^p) are parameters 
concordant with the orientation of Pp. 

Now consider any other set of parameters in E^, given by 


where the functions %,..., ^p do not take the same set of 
values at two different i)oints of (Pq ... Pp)^ and the Jacobian 

0“ I 

^ ' is different from zero at aU points of the simplex. We say 


du. 


that the parameters Up) are concordant with the 

orientation of if either (i) the parameters are 

concordant with the orientation of E^ and the Jacobian is 
positive, or (ii) the parameters ...,^p) are not concordant 
with the orientation and the Jacobian is negative. It is easily 
verified that this method of orienting the simplex by means of 
a set of concordant parameters is completely equivalent to the 
method of orienting it by an arrangement of the vertices. 
While the latter method is more convenient for the purely 
combinatorial theory of complexes, the use of parameters has 
certain advantages in the applications with which we shall deal 
in later chapters. 


13-3. We now consider a non-singular complex K of class v, 
A complex K of class v is said to lie on K if the point-set 
formed by the points of its simplexes is contained in the point- 
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set formed by the points of the simplexes of K, A chain is 
said to lie on K if it is a chain of a complex lying on K, The 
fundamental theorem concerning chains and complexes which 
lie on a given complex K, of class v, is known as the Deformation 
Theorem, This theorem can be stated as follows. If 0^ is any 
chain of a complex K' of class v' lying on K, there exists a 
complex K\ obtained from K' by repeated regular sub- 
division, and a complex K on K, having K'" as a sub-complex, 
with the propertiesf: 

(i) The class of K is equal to the smaller of v, v ' ; 

(ii) if (iniST') 

and if C'', C" are the chains of K" obtained from 0^, 
by the sub-division, there exist chains D^^ oiK, such that 

+ (in A 

and (in A), 

where C^, are chains of K, and 

(inA:); 


(iii) if = 0, then D^, = 0, = 0; 

(iv) if Cp^i is a cycle of K, then - Oand = C^^i, 
Cjj is said to be deformed into (7^ over and deformed 
into Cp_i over D^y 

A cycle is thus deformed into a cycle, and a bounding cycle 
into a bounding cycle. It should be noted, however, that the 
process of deformation is not uniquely defined. Suppose that 
(7^ is a cycle, and that by two different deformations, over 
I^p+i we arrive at cycles (7^ and of K, Then 




in some complex on K, Apply the deformation theorem to 
-By (iv), we deduce that 


Cj.'-'C.j, (inK). 

■f The standard proofs of this theorem only deal with the case v = v' — 0. 
The refinement of the theorem stated in (i) is easily proved. It is of importance 
in applications. 
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We can now extend the notion of homologous cycles, pre- 
viously defined only for cycles of the complex K, to any pair of 
p-cycles lying on K. Two cycles Fj,, F'^ on K are said to be 
homologous if Fj, — F!p, or a. sub-division of it, bounds a chain 
on K. If we deform I and 7" , over 7)^+1 and 7)^+i, into cycles 
Ap and Ap of K, we have, from the deformation theorem, 

A ^F ~F' ~A' 

and hence, using the deformation theorem, 

in Conversely, if (in ^), 

F ~A ~A' ~F' 

We extend, similarly, the notion of homology with division. 

1 3*4. The deductions which can be made from the deforma- 
tion theorem enable us to obtain certain invariants of the 
space whose points are the points of the simj)lexes of a complex 
K of class V. If two ^)-cycles and F'^ on K, both of class 
are homologous, F^ - is tlie boundary of a chain of 
class on K. We denote the set of cycles of class homologous 
to Fp by or where F^ is any cycle of class 

homologous to Fp, The sets of homologous p-cycles of class 
form an additive group, the law of composition being given by 

The deformation theorem tells us that in any set of homo- 
logous cycles there are cycles belonging to the complex K, and 
that two cycles of K belong to the same set {Fp}^^ of homologous 
cycles if and only if they are homologous in K, It follows that 
the group which we have defined is isomorphic with the direct 
sum of the pth Betti group and the j^th torsion group of K. 
The Betti number Rp, and the torsion coefficients , 

are therefore characters of the space. 

The group formed by the sets {/ of homologous cycles is, 
therefore, independent of But it is important, in view of the 
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applications which we shall later make to the theory of in- 
tegrals, to observe that we can confine our attention to chains 
and cycles of a given class v^. We call the group formed by the 
sets the pth homology group of the space whose points are 

the points of the simplexes of K. 

Certain immediate corollaries may be mentioned. If is 
any non-singular complex of class lying on iC, such that K 
is a complex lying on we could determine the homology 
groups of our space either by K or by Consequently the 
Betti numbers and the torsion coefficients of are equal to 
those of K. Again, if we have two spaces 8^ and 8^ which can 
each be covered by a non-singular complex and which are in 
(1-1) correspondence of class they have isomorphic 

homology groups. Two spaces in (1-1) correspondence of class 
V are said to be homeomorphic (of class v), and our conclusion 
is that the homology groups of homeomorphic spaces are the 
same. Characters of a space which are invariant under homeo- 
morphism are called topological invariants of the space. 

13*5. We must now consider some special complexes which 
we shall need in what follows. If 11^ Is any sphere of n dimen- 
sions, we can easily construct a non-singular com])lex K lying 
on /4, with the property that every point of lies on K. 
We find that the following properties hold: 

(i) every g-simplex (q <n) of K lies on the boundary of 
an n-simplex of K ; 

(ii) if the rt-simplexes of K are suitably oriented, their 
chain-sum (with coefficients -H 1) is a cycle; 

(iii) the Betti numbers of K are given by 

= = Rp = 0 {0<p<n); 

(iv) there are no zero divisors, of any dimension. 

These properties do not characterise a sphere, but in our 
topological investigations we do not require any other pro- 
perties of a sphere, and we may therefore use the term ‘ ‘ sphere 
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to denote any complex with the properties (i), (ii), (iii) and (iv). 
If the complex is of class v, the sphere is said to be of class v. 

Next, let us consider a complex K consisting of an /^-simplex 
and the simplexes on its boundary. Let L denote the complex 
formed by the simplexes of K of dimension less than n. Now 
make any sub-division K' of K. The complex L is replaced 
by a complex L\ which can be defined as follows. Let be 
the boundary of the chain-sum of the ri-simplexes of K\ and 
let be the chain obtained from by reducing the 

coefficients modulo 2. The complex U consists of the simplexes 
which have unit coefficients in and the simplexes on their 

boundaries. The following results hold: 

(i) every g-simplex [q<n) of K' lies on tlie boundary of 
an 7^-simplex; 

(ii) the Tfc-simplexes of K can be so oriented that their 
chain-sum is a chain whose boundary is F^^^ ; 

(iii) jL' is a sphere 

(iv) K' has the Betti numbers 

^0 = ^5 ^ ( 0 < 2 ^<>^); 

(v) there are no zero divisors, of any dimensions. 

If K' is any complex, and U the sub-complex of K' defined 
as above, we say that IF — U is an n-cell if the properties 
(i), .. ., (v) are satisfied. The chain F^^ is then called an oriented 
n-cell. A simplex is thus a cell. 

The importance of the concept of a cell lies in the following 
fact. Let K be any non-singular complex, and suppose the 
simplexes of K are grouped together in such a way that each 
group forms a cell, and the set of cells has the properties that 
(i) no two cells have a point in common; (ii) the boundary of any 
cell is made up of cells of the set. The set of cells then forms a 
complex of cells, and the analysis of § 12-2 can be applied 
to K^. If we now consider any cycle F^ on K, we can deform it 
into a cycle of K, and if we then consider the part of this cycle 
which lies on a cell of K^, it can be shown that we can deform 


HHI 


4 
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into a cycle of K^. Thus we can apply all the results which 
we have already obtained to complexes of cells. This is of 
importance in our investigations of the topology of manifolds. 

14. Manifolds. The object of this summary is to find the 
topological characters of a Riemannian manifold which will be 
used in later chapters, and the purpose of §§12 and 13 has been 
to provide the means of doing this. The connection between 
the ideas discussed in these paragraphs and a Riemannian 
manifold is provided by the theorem usually called the 
Covering Theorem. This theorem states that, given any mani- 
fold of class u, there exists a complex K of class v, for any 
given V with the proj)erty that every point of M 

lies on one and only one simplex of /C, and every simplex of 
K lies on M. This im|)ortant theorem was first proved, for 
algebraic manifolds only, by van der Waerden[U]. Later, his 
proof was extended to cover the case of analytic varieties by 
I.iefschetz and Whitehead [6], and an alternative proof, valid 
for analytic varieties, was given by Brown and KoopmanC^l. 
The proof of the theorem for manifolds of class n is given by 
Cairns [3], The reader is also referred to a recent pa])er by 
Whitehead on the covering theorem Li2j. The com])lex K is not, 
of course, unique, but the results stated in § 13*4 show that 
any covering complex K will serve to determine the homology 
groups of M, 

It should be pointed out that the topological properties of 
a manifold are introduced on account of their im])ortance in 
the theory of multi])le integrals on the manifold. The field 
over which a ^;-fold integral is to be evaluated is, indeed, a 
p-chain. The definition which we shall give of the value of an 
integral over a chain will be valid if the chain is of class one, 
but in order to perform certain operations it is convenient to 
confine our attention to chains of class two at least. Of special 
importance is the problem of finding the relation between the 
values of an integral over two homologous cycles, and in this 
connection we make use of the result, pointed out above, that 
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if Fj, and jT^ are two cycles of class v which are homologous, 
Fp — Fp is the boundary of a chain of class v. 

The situation is as follows. On a manifold of class u, the 
operations which we have to perform on chains of class v (v^u) 
can all be described in terms of chains of class v, and, if ^ 2, 
they are therefore permissible in our investigations on in- 
tegrals. The topological characters of the manifold do not, 
however, depend on the class number v, and consequently it 
will not be necessary, in the remainder of this summary, to 
specify the classes of the simplexes with which we deal. 

A complex K which covers a Riemannian manifold M has 
certain properties not possessed by general complexes, and we 
now go on to describe those special properties which will be 
used in later chapters. We shall first see that the ?i-simplexes 
can be so oriented that their chain sum is a cycle F^^^ and that 
any n-cycle on K is equal to where A is an integer. We 
shall then introduce a dual complex, and show that an im- 
portant duality relation holds for K. From this we shall go on 
to define the intersection of two cycles on a manifold, and 
obtain some new topological invariants of the manifold. 
Finally, we introduce the notion of the product of two mani- 
folds, and state, without xiroof, certain formulae which will be 
of frequent use in the theory of integrals. 

15. Orientation. We observe that, if K is any complex 
covering a Riemannian manifold if, every j9-simplex {p < n) 
of K lies on the boundary of an 7^-simx)lex, and that every 
{n— l)-simplex of K lies on the boundary of two n-simplexes. 
By replacing A by a com])lex obtained by repeated regular 
sub-division, if necessary, we may suppose that each 7i-simplex 
of K lies in the domain of at least one set of local coordinates 
on M, that is, in a neighbourhood of M, Now M is orientable, 
and we can therefore find coordinate systems 

{i = 

each belonging to the class of coordinate systems which 
orient M, such that lies in the neighbourhood in which 


4-2 
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(x\, is a local coordinate system. We saw in § 13*2 how 

we could orient a simplex by means of a set of parameters; we 
therefore orient E\ by the parametric system {x\, We 

shall always assume that the n-simplexes are oriented according 
to this rule. 

Suppose that lies on the boundary of and E^, Then 

and a simple theorem in calculus shows that 
(n)Vi + (n)Vi = 0 . 

Hence = 

i==l 

Now suppose that jT^ = E\^ 

is any other 7i-cy cle of K. Then F^ is a cycle in which at 

least one of the ii-simplexes of K does not appear. It can be 
shown that if this cycle is not zero the manifold M is not con- 
nected (§2*1). But a Riemannian manifold is connected. Hence 

F'^ = dll ni 

and the nth Betti number of K is equal to one, 

16* 1 . Duality. Let K be any complex covering a Riemann- 
ian manifold M, We can construct a complex K' by regular 
sub-division of K, To do this, we have to introduce a new 
vertex (0-simplex) into each simplex of K. Let denote the 
vertex introduced in the simplex E]^, By the sub-division, any 
simplex is replaced by a chain of K\ formed from simplexes 
of K' which lie on Now it can easily be seen that any 
jp-simplex of K' on E^ is of the form 

7iPi\..p^z\Pi (j/ = ±i), 

where is on the boundary of Ep, E]^z{ is on the 

boundary of Ej^. Ep is therefore replaced by a chain 
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where the summation is over all the p-simplexes of K' which 
lie on each having coefficient 4-1. By convention, the 
orientation of the simplexes involved is fixed by the orientation 
of Ej,. 

We now consider any (t?.— ^)- simplex of K' which can be 
written in the form 

(g = ±i), 

where E^ is on the boundary of . . . , is on the boundary 

of The orientation of this simplex is not fixed by our 

convention, except when p ^ n. We now fix the orientation 
as follows. 

yjjio T^ip-i pi pip^i pin 

b-^0 • • • ^p — 1 ^ p P + 1 • • • ^ n 

is an w-simplex of K' whose orientation has been fixed. We 
orient the (n— ^)-simplex so that 


It can bo shown that the orientation of this (n— 2 >) -simplex is 
determined by the orientation of E\^, and does not depend on 
the particular jj-siinplex of cliosen on E],. 

We now consider the (ri-~^)-chain of K' : 




•In 
n 5 


summed over all such (ti — 2 ?)-simplexes of K' whose first vertex 
is Pp. The manifold M has the pro])erty that, whatever 
covering complex K we choose, is an {n—p)-celh The 

unoriented cell consists of simplexes of K' which all have 
Pp as a vertex. E*]_p is the diml of the simplex E^. 


16-2. It is not difficult to show that the set of dual cells 
E*tp (i = ly ...yCCp; p = 0, ..,,n) form a complex K* which 

t It would be more correct to denote the dual cell by Kn-p,i* typo- 
graphical reasons we prefer The reader will later notice other slight 

departures from the strictly logical notation made for similar reasons. As a 
consequence, we shall occasionally have to introduce the summation sign 2] to 
sum over equal indices placed in the same position. 
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covers M, We call it the dual complex of K, The incidence 
relations of if* are 

(n-p)Vp 

where 

tq' denoting the transpose of y|. 

The ^th Betti number of K* is 

~ ^n—p Pn—p+1 Pn—p 

“ ^n—p9 

and the pth. torsion coefficients of if* are given by the in- 
variant factors of (p+D^*, i.e. of Hence the pth torsion 

coefficients of A"* are equal to the [n—p torsion coeffi- 
cients of A. 

We have already seen that a complex A* of cells which 
covers M will serve to determine the homology groups of M 
as well as a complex A of simplexes. Hence the ^^th Betti 
number of M is equal to and to A* = and the 2 >th 
torsion coefficients of M are equal to the invariant factors of 
(r>+i)in> and to those of Hence, 

(i) the pt\i and (7i~p)th Betti numbers of M are equal; 

(ii) the pth and {n—p — I )th torsion coefficients of M are the 
same. 

These two results constitute the Duality Theorem of Poin- 
care. We can further prove that the torsion coefficients of 
dimension are all unity. 

17*1. Intersections. The introduction of the dual com- 
plex A* on a manifold M enables us to develop the idea of the 
intersection of two cycles. We first consider the intersection of 
a chain or cycle of A with a chain or cycle of A*, and then pass 
on to use the results so obtained to define the intersection of 
cycles on M, 
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Let E^, be any ^j-simplex of the complex K, and E*^ a 
g'-cell of the dual complex K*. It can be seen that ii p + q<n, 
Ep and E*^ have no point in common. We then write 

1{ p + q = n, the cells have no point in common unless i — j, 
in which case they meet in P^. We write 

= 0 

and Ei . Ef = P^. 

If p-\-q>n, E^ and Ep either have no point in common or 
meet in a number of simplexes of the form 

I pi pkti^q \ 1 pkp-i pi 
— ^ n—q^ n -q 1 1 **• ^ ?> — 1^ p 

of K\ The orientation of such a (^ + 3 — 9 ^)-simplex has not 
been fixed as yet by our conventions. We now fix. it as 
follows. There exist simplexes 

.. pfro pfCn~q 1 pi pk„^q+x pi 
7-^0 ••• ^ ii—q~l^ n—q^ n—q \ ^ ^ ji 

pkn -qht pi pkp ii pkn 
dillU. 71— q^ ii—q +1 2> + l • • • ■* n 

of K' lying on Ej, and E*Lq respectively, and an n-simplex 

ypko pkn-q -\ pi pkn-q\l pkp-i pi pkp^i pkn 

... X r ± ^ J- i ^ 


of X', whose orientations have all been fixed by our conven 
tions. If we orient the {p-\-q — r^)-simplex by writing it as 

Cr^y pi pkn-q+x pkp-x pi 

n—q^ /I — 1 1 • • • •* 7 ; — 1 


it can be shown that this orientation depends only on the 
orientation of E],, E*K We now write 




P9 


summed over the simplexes common to Ep, E*^. It can be 
shown that E^.E*^ is a (p4-?-»)-cell, or else zero. 

The oriented cell El . E*^ is defined as the intersection of 
Ej, and E*K From the definition, it follows that 

{-Ei).E*^ = - El . E*i == El. (- Et^)- 
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Cp = aiEl 

C* = b,Ey 

be chains of K and iC *, respectively. We define the intersection 
Cp . C* by the formula 

C„.C* = a,b^Ei.E*i. 

This is a (p-hq — n)-Qh3,in of By simple calculations we 
can show that if 

then Cp . (7* -> Cp + Cp,, . 0*. 

In particular, if Cp and C* are cycles, Cp . (7* is a cycle. More- 
over, if 

Cp^O, 

say Cp^i->XCp, 

and 0* -> 0, 

then Cp^, . (7* -> ( ~ AC; . (7*, 

that is Gp,Cqf^ 0. 

A similar result holds when 

(7*^0. 

It follows that if Cp ^ Cp (in K), 
and (7J (7*' (in iC*), 

then Cp.C*^C'p,C*' (in K'), 

1 7*2. We are now in a position to define the intersection of 
any two cycles Fp and F^^ on the manifold M, Practically 
nothing can be said about the set of points common to two 
cycles Fp and F^^ but in any case we are not concerned with this 
set of points. We can, however, define an invariant of the sets 
{Fp} and of cycles homologous to Fp and F^, having 
most of the properties which we commonly associate with 
intersections. 
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In {r^} there exists a cycle of K, and in {-TJ there exists 
a cycle C* of K*. The cycle is determined to within a 
bounding cycle of K, and ( 7 * is determined to within a bounding 
cycle of K*. The cycle . C* of K' is therefore determined 
by {7^^} and (/'J to within a bounding cycle of K\ Thus 
and {/^g} determine, by means of the complexes K and K*, a 
set of homologous cycles {( 7 ^.( 7 *}, of dimension p + q — n. 
A theorem analogous to the deformation theorem can then be 
])roved to show that the set of cycles {C^ . C*} is independent 
of K and Any cycle of this set is then defined to be the 
intersection of and 7^^, and is denoted by 

It should be observed that this definition of intersection 
coincides with our intuitive notion of an intersection in 
several important cases. If F^ and F^^ are written as chain- 
sums of simplexes 

and r„ = bj^, 

and if the simplexes ej,, either have no points in common, or 
meet in an {p + q — 7i)-cell, which we denote by Cp ./^ (with 
a suitable orientation), then the chain 

aibje^.f^ 

is a cycle of the set {F ^ . T^J. Of particular importance in later 
chapters is the case in which M is the Riemannian of an 
algebraic variety of m complex dimensions. The dimension 
of M is 2m. An algebraic variety of dimension r on defines 
a 2r-cycle r,r on M. Let A and B be two algebraic varieties 
on of dimensions a and 6, determining cycles ^ Zb 

and suppose that the geometrical intersection of A and B is 
a variety of dimension a-f6 — m (counted with proper multi- 
plicity). This intersection defines a cycle 7^2(a+6-m) We 

can show that 

^ 2a* ^ 2b i ^2ia-\-b-tn)* 
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17-3. The intersections of cycles on M have the following 
properties: 

(i) (ar^ + 6r;) . ^ ar^ . r,, + br', . r , ; 

(ii) /'p . ~ aF^ . F^ + bF p*F'^; 

(iii) if or r’q'-^O, 

then Fj^ .F^^^O ; 

(iv) 

We can extend the notion of the intersection of two cycles, 
and define the intersection of three or more cycles. Let 
Fjj, F^, F^ be three cycles on M. We define the triple inter- 
section to be 

It can then be shown that 

r„.7;.n^r^.(iV7;). 

17*4. When we consider the intersection of two cycles 7^^ 
and Ff^, where p + q - n, we obtain certain numerical in- 
variants of the cycles. We first return to the considerations 
of § 17-1, and consider chains of K of dimension p and chains 
of 7C* of dimension n — p. 

If c^ = (^iK 

is a jp-chain of K, and 

Gt-j. = biEtL^ 

is an (n— ^)-chain of K*, then 

i = l 

We now define the intersection number (or Kronecker index) of 
(7^ and to be 

2aA. 

i = 1 

(El,.EtL^) = dl, 


We observe that 
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that is, in matrix notation, 

We consider the change of base for the chains of K of dimension 

Ci ^PjEi, 

Gp-i = rl^p-i. 

used to obtain the canonical forms (8) for the incidence 
relations for the chains of K, We now make the changes of 
base, 

GV'-p-^ = ocfEtL^_„ 
for the chains of /iC*, where 


«*«' = P*P' = K' y*y' = V.- 

We obtain the incidence relations (in which we do not use the 
summation convention), 


G*ip+i->{-ir^uGttT 

Gt-p n ^ 0 


+ i 


GIL.^Q 


Also, 


(i = 1, . 

(j “ Pf) ^ j • • • > ^p—i) > 

(i = 1 , . '•}Pp-^l)y 
(i = Pp+i + 1 > • • • > Pp-\-i "b Pp)y 
~ Pp+1 Pp~^ ^ i 

= Pla,P-^ 


I 


ap* 


Now = (i=l,...,2?^) 

form a set of ^)-cycles of K, no linear combination of which 
is homologous to zero, and 

p^i 

•* n—p 


pp + 1 f* Pp I* 


(i — 1 , . . ., R^^p) 
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form a set of Rn-p (w— ^))-cycles of K*, no linear combination 
of which is homologous to zero. The results just found show that 

(i) = 

(ii) if r.,, 0 , {Rj , . r*ip) = 0 (i = i , . . . , Rn-p ) ; 

(iii) if {ri.n-p) = Q {i=^i,...,Rpy, 

(iv) if /; 0, n_^ ^ 0, then . Ft-p) = 0. 


17*5. We can now define the intersection number ) 

of two cycles /'p and on M, If we deform into a cycle 
Cp of K, we have 

Pp \ I . Ifp 

Cp = S + 2 hF],. 


i" 1 




The method of obtaining 6^ from F^^ is not unique, but all 
cycles of K obtained by deformation from 7 ^ are homologous 
in K. Hence the numbers 6^, are uniciuely determined, 

and we have 

1=1 

In the same way, if the cycle F,y^_p is deformed into the cycle 
C*-pO{ K\ 

i}p + x-\-Pp . I^n-p 

Ct-p^ 2 <CT-,+ j: h',F*l,„ 

i = ppi-i+i 1''^^ 


where ^ are uniquely determined, and 

lln—p 


)i -p 


Zj Ii — p' 


i = 1 


We define the intersection number (Fj , . by the equation 


lip 


{rp.F„_p) = {C^.C*-p)= 2 Mi- 

1 = 1 


As it is proved that the definition of the intersection of two 
cycles is independent of the covering complexes K and K*, 
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SO it can also be proved that the intersection number does not 
depend on K or K*. Moreover, 


17*6. The cycles (i = 1, have the property that 

any jo-cycle on M is related to tliem by a homology with 
division, of the form 


where the coefficients are integers. Any set of p-cycles of 
M with this property form a, fundamental base for the p-cycles 
of M, It is easily verified that the cycles A'^(i=\, form 

a fundamental base if and only if 




where [a]) is a unimodular matrix of integers. 

A set of cycles T*'/ (i = 1 , . . . , i?^) is said to form a base for the 
jp-cycles of M if 


where (a)) is a non-singular matrix of integers (not necessarily 
unimodular). If is any p-cycle of M, 


Fp ctiFjj. 

Since | a] \ 7'^ F'J, 

where /?}4 = |a|l4, 

we have | aj | F^ ^ a^fi} F'f, 

a relation which we can write in the form 


rp^b.F'l 

where the coefficients b^ are rational numbers. When we are 
concerned only with homology with division, we may introduce 
the idea of rational multiples of a cycle, and if is any cycle 
in this generalised sense, there exists an integer A such that 
AJp is a cycle according to our original definition. 
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The cycles form a fundamental base for the (n-p)- 
cycles of M, and a set of cycles (i= 1, B^_p) forms a 
base for the (ri—j?) -cycles if and only if 

where (y]) is a non-singular matrix of integers. The base is 
fundamental when (yj) is unimodular. 

Now (/l^, . Ai_p) = a|,(r* . yi, 

that is II . zlLp) II = aljf, Y' 

= aY'. 

This is a non-singular matrix. It follows easily that if dj, 
(i = 1, ,,,,Rp) is any base for the j?-cycles of Jf, the (n-p)- 
cycles A\__p (i= 1, ..., form a base for the (n~p)-cycles 
of M if and only if 

11(4 II 

is a non-singular matrix. 

If (i = 1 , . . . , is a base for the ^-cycles on M, and JT^ is 

any p-cycle of M, 

where - are integers. Let A\^_p (i= 1, ..., be 
a base for the (w— 2 ?)-cycles of M, Then 

A(/; = a^(4 -4-^) (»= 1. 

Since the matrix |1 (zl^ . || is non-singular, these equations 

are sufficient to determine the ratios of A : ; . . . : when the 

intersection numbers (iTp . A^^p) are given, and it follows that 
the necessary and sufficient condition that Fp 0 is that 

(rp.Ai_p) = o (i=i,...ji^_pi 

where Al_p (i = 1, ..., is a base for the 2 ?)-cycles. 

We shall often find it convenient to choose bases A], 
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(i= 1, ...,Rp, 2 J = 0, ...,n) once and for all for the cycles of ilf. 
We then get a set of intersection matrices 

= li(4-^«-p)ll {p = n), 

where 2 Lp = {- 

17’ 7. In the investigations on the properties of algebraic 
varieties which we shall make in Chapter iv, we shall find the 
case in which the dimension n of the manifold M is even, say 
n = 2m, of particular importance. In this case, when we 
consider a base Al^ (i= 1, for the m-cycles, the inter- 
section matrix 

satisfies the equation 

= (-ira;. 

If we make a change of base, given by 

the intersection matrix is transformed into 

K = pa^p'. 

There are two cases to consider. Case (a) : m odd. Then is 
skew. But it is non-singular. Therefore must be even. 
We can easily show that a fundamental base can be chosen so 
that 

® hl^m\ • 

Case (b): m even. Then a^ is symmetrical. In this case we can 
choose p so that a^ is a diagonal matrix. The matrix p is not 
uniquely defined by this property. But it is a well-known 
theorem in algebra that, whatever p is chosen to reduce a^^ 
to diagonal form, the number of elements on the diagonal of 
the reduced forms which are positive is always the same. This 
number is called the signature of It is a topological in- 
variant of the manifold. 
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18*1. Product manifolds. Let be two sets of 

elements. From these we can define a new set, whose elements 
are obtained by associating any element of 8i with any element 
of We denote this new set by x and call it the product 
of Si by aSV 

Let • • • > ) (? = 1 , . . . , 

be any |>-simplex of class in the space {x^, ...,x^), and let 

be a g-simplex in the space (x [, . of class The product 
of the two sets of points can be represented in the space 
(a?!, ...,Xy] x [, by means of the equations 

~ • . • > ^ !>•»•> ■^) > 

X-i — Q } • •• 3 ^q) 1 , . . . , ) . 

It can be shown that this product is a (p + q^coll, whose class 
is the smaller of Vi and V 2 . The cells on the boundary of this 
(j)-f-g)-cell are either the products of the p-sim])lex by the 
simplexes on the boundary of the 5'-sim])lex, or the products 
of the simplexes on the boundary of the p-simplex by the 
Q'-simplex, or else the products of simplexes on the boundary 
of each. 

If we orient the p^simplex and the q^-simplcx, and denote the 
oriented simjfiexes by E^, A' , we have incidence relations 

Using a suitable convention to orient the product of the sim- 
plexes, it can be shown that 

K, X E'^->7,,Ei_i X ( - 1)^ ^iEp X E^i. 

18*2. Let Ml be a manifold of rii dimensions, covered by a 
complex Kiy which lies in the space (ajj, ,..,Xp^^), and let be 
a manifold of ^3 dimensions, covered by a complex which 
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lies in the space - --jX/iv,)* The product x ilfg is a mani- 

fold of (Wi + ng) dimensions, which can be represented as a 
locus in Vv If is covered by the complex 

X whose cells are the products of simplexes of by 
simplexes of K^. The incidence relations for the complex 
K^xK^ can be determined from the incidence relations of 
and 

If Cjj is a p-chain of 

Cj, = UiE),, 

and if is a g-chaiii of ilfa) 

D = b.F^ 

we define the product chain C^x to be 

Cp X X F{. 

By algebraic calculation we can show that if and are 
cycles, so is x and that, if (i= 1, R^) is a base for 
the ^-cycles of ilfi, and (i = I , . . 5;^) is a base for the ^-cycles 
of ilt/g, the cycles 

form a base for the r-cycles of x M.^. The rth Betti number 
of Ml X is therefore 

2>=0 

The intersection theory on x Jfg follows from the formula 
X F{ . X F^^ = ( - Ei^ . E*^ x F{ . Ff. 

From this we obtain the equation 

Tp X . 7 ; X ( - 1 Tp . l\ xA^.A,. 

18-3. The case which will be of most frequent use in applica- 
tions is that in which and are manifolds of n dimensions 
of class which are in ( 1 - 1 ) correspondence of class u. We then 
suppose that, in the correspondence, corresponds to 


HHI 
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Without loss of generality, we may suppose that and 
lie in spaces {x^, and ..-jJ/iv) of N dimensions and 

that the correspondence is given by the equations 

The product manifold x is then represented as a locus 
of 2n dimensions in (a;i, ...,x^\ y^, 0^^ if there is a set 

of points defined by the equations 

which is the image of class u of or It is therefore a cycle, 
which we call the diagonal cycle on x M^, and which we 
denote by F. Further, in this set of points there is a cycle 
which is the image of a cycle F^^ of M^. It is important to find 
homologies for F and y^^ on x which express them in 
terms of a base for the cycles of x M^. The following formulae 

(^an be proved. 

Let F^, {i= I, Kp) be a base for the p-cycles of M 
(p = 0, ...,72.), and let be the cycle of M which corresponds 
to Fl in the homeomorphism which connects and M^, We 
denote the intersection matrix \\(F^.Fl_p)\\ by and the 
matrix whose element in the ith row and jth column is 
(7 p . Fi . Fl,_p_q) by a^(7;,). Then, on x ifg, 

(o) 

?j=0 

and Tp S ^M'p) x K-q> (10) 

Q 

where Cp = (a^)-*, (11) 

and [X«(rp)]' = ( - l)(«-«x«-P)a-i . a,(rp) . (12) 
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Chapter II 

INTEGRALS AND THEIR PERIODS 


In this chapter we study those properties of multiple in- 
tegrals on a manifold which lead up to the introduction of 
harmonic integrals. Our starting-point is the classical defini- 
tion of a ^j-fold integral, •* 

I Adu^ 

of a continuous function A — A{u^, of p variables, 

defined over a domain of the number space 
as given, for instance, by Goursat Li J. Goursat’s definition does 
not take explicit account of the orientation of a domain of 
integration, although ideas of orientation are implicit in the 
development of the theory, and our first task is therefore to 
pass from Goursat’s definition to the notion of integration over 
an oriented ^-cell. 

19’1. Multiple integrals. We begin with the case in 
which the domain of ( Joursat's definition is a p-simplex in the 
space When we regard this as an unoriented simplex 

we denote it by and when we have assigned an orientation 
ve denote the oriented sim])lex by E^, Goursat provides a 
definition of 

I Adv}...du^\ 

J <^p 

The orientation of the simplex selects one of the two classes of 
like parametric systems which arc valid in S'p and the definition 
of the integral over depends on whether (%, ...,Up) is a 
parametric system concordant with the orientation of E^ 
or not. If is concordant with the orientation, we 

make the definition 

I Adu^ ...du^^ = \ Adu^...du^, 
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and, if it is not, our definition is 


69 


Thus 


r A dv} . . . du^ = — I A du^ . . . 
J Kp J 

I A du ^ . . . du^ — — I 

J~Kp JE 


du^. 


A du ^ . . . du^. 


We now make a transformation of class v ^ 1 which is (1-1) 
without exception, transforming into a simplex of the 
number space given by the equations 


^p) •••9P)y 


wliere 


J = 


du^ 

duj 


is different from zero at all ])oints of The ori^ted siniplex 
Ep on 6'p defines uniquely an oriented simplex E^ on S'p, We 
consider the case in which is concordant with the 

orientation of E^. By the theorem ])roved by Goursat, 


r A d>n ^ . , . du^* = f ^ I J I d'il^ . . . d/uP, 

J J S'p 

where | J [ denotes the absolute value of J, and 

A{ui^ Up) = Up). 

Hence j A du^ . . . du^^ = ^ I I 

J Ep J 

where 9 / = + 1, or - 1, according as (%, ...,Up) is concordant 
with the orientation of Ep, or not. But {u ^, . . . , is concordant 
with the orientation of Ep, or not, according as J is positive 
or negative, and hence we must have 


A du ^ . . . du^^ 

Ep 


f AJ dtp ...du^ 

J Ep 


in both cases. Similar reasoning holds good when ...,Up) 
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is not concordant with the orientation of and we have, 
all cases, 


r A du ^ . . . du^ 

J Kp 


I AJ du^ ...du^\ 

J Kp 


in 


19*2. We now define a ^-fold integral in a simplicial region 
D of an n-dimensional space, or of an w-diniensional manifold. 
Let (a;i, be a coordinate system valid in D, and let 

Ai^ i^ be a continuous function of values 

of the indices equal to \, We say that a ^-fold 

integral in D is given by the exy)ression 

(where the summations are from 1 to n) in the coordinate 
system {x^, oriented ^-simplex, of class 

one at least, in D, given by the differentiable equations 

(i=l,...,w), 

where are parameters of concordant with its 

orientation, giving E^ as the image of an oriented 2 >-simplex 
Ep in the p-space {u^, .,.,Up), The simplex E^ need not be non- 
singular. The value of the integral over E^ is denoted by 

Ai^,„idx^^ ..,dx^p 

J Ep 

and is defined by the equation 
J Ep 

p 

where ^ ...,*«(«)}• 


The value of the integral over Ep is independent of the 
parametric system (%, ...,Up) chosen on Ep. If ( mi , ...,Up) is 
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any other allowable parametric system in E^, we have, by 
§ 19 - 1 , 


L 


a: 


where 




0(Mi, 


f 


k 


r A\ 

0(a;, XfJ 

k - 

0(Wl, ...,Mp) 

II 





dxA . . . du^\ 


and is the j9-simplex in ^p) corresponding to E^. 

The value of the integral over any ^-simplex depends on 
the coefficients A,- , and on the Jacobians 


d{Ui,...,Up)' 


It will be observed, however, that the value of the integral 
does not depend on the individual coefficients, but depends 
only on the combinations £±Ai^ j^ of the coefficients having 
the same suffixes written in different orders, the positive sign 
being attached to the terms whose suffixes are even derange- 
ments of a certain order, and the negative sign to the remaining 
terms. There is therefore no loss of generality if we impose the 
condition that the coefficients are skew-symmetric in the 
suffixes, that is, 


Ai 


. la — 1 "lo l-l* • •T'ft — 1 Ift hi* • 


_ A 


The coefficient of 


9K, ••■,«») 


in the integral in (m^, which defines the value of our 

integral over is therefore and it is convenient, 
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in order to avoid complications arising from numerical 
coefficients, to write all multiple integrals in the form 



A; 


( 1 ) 


where the coefficients are skew-symmetric. This convention 
will be adhered to throughout. 


19*3. The definition of a jj-fold integral in a simplicial 
region D refers to a particular coordinate system {x^, 
in D. Let (x[y be any other coordinate system valid in 

D, obtained from (x^, ...,Xj^) by a transformation of class one 
at least. Let 

[\ a \ (2) 

be a p-fold integral defined in D, relative to the coordinate 
system {x [, . . . , a;^). We seek necessary and sufficient conditions 
that the value of this integral over every j^-simplex E,p of D 
should be equal to the value of (1) over E^. The necessary and 
sufficient condition is that 


xy ^ - a(Xi, , . . . , x,.^) 

for all substitutions 


Xi = Xf(Mi, x'i = x'i(Xi(7t) X„(u)} = x\{Ui, 

(i=l, 

where 

•••.<(«)}• 

Ill particular, if E^ satisfies 


we may take 


= constant (5 -f 1, . . . , /i). 


We then have the conditions 


9(Xi.,...,Xf ^) 

■‘” 9(4 4 )’ 
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which may be written in the form 






since is skew-symmetric in the suffixes. This relation 

must hold for all (ji, . . j^)- 

Conversely, suppose this relation holds for all On 
Then, for all substitutions, 


(i = l,...,n), 

in which the functions , ^p) are differentiable, we have 

_ j Mr 

^ J. 

' dUjj 


_ 1 J 
2;! 


and it follows that the integrals ( 1 ) and ( 2 ) have the same 
values over every /;-sim])lex in D. 

The relation connecting the coefficients 
one already discussed in connection with the theory of tensors. 
We therefore conclude that in order to define a 2^-fold integral 
in a simplicial domain D, of class 07 ie at least, we require an 
absolute skew-symmetric covariant tensor field of rank j), 
where the components are continuous functions in D, The 
tensor field defines, in each coordinate system, a 29-fold integral 
in D, and the set of integrals so obtained, one in each coordinate 
system, has the property that all integrals of the set have the 
same values over any 2^ -simplex of D, We say that the 
integrals of the set are equivalent, and that the different 
integrals of the set give the representations, in the different 
coordinate systems, of the same integral in D. 
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19-4. We can now define an integral in any region J? of a 
manifold M, where R need not be sirnplicial, and may be the 
whole manifold. The region R can be covered by a finite 
number of neighbourhoods of M, say, If P is any 

point of R which lies in but not in the remaining 

Np there is a neighbourhood of P which lies in Ni^, 

We denote such a neighbourhood by Nj^{P). An integral 
defined in defines an integral in Nj^(P). Suppose, 

now, that we have a series of integrals, one defined in each Np 
If the integrals in Ni^, all define the same integral in 
Ni^(P), for every point P of R, we say that the integrals in 
define an integral in R. It is easily verified that this 
definition docs not depend on the set of neighbourhoods of 
M chosen to cover R. 

A skew-symmetric co variant tensor of rank p in a space of 
n dimensions is always zero if p is greater than n. Hence, on 
an 7i-dimensional manifold we have to consider integrals of 
multiplicity^, where i^p^n. It is convenient to introduce, 
in addition, integrals of multiplicity zero. An 0-fold integral 
is defined by means of a single function on the manifold. An 
0-sim])lcx is simply a point, and we define the value of the 

integral jf(x) over the 0-sim])lex P by the equality 

In our investigations of the pro])erties of integrals on a 
manifold, it is convenient to regard the functions which appear 
as functions of the points of the manifold rather than of the 
local coordinates, so that the same function is denoted by the 
same symbol whatever coordinate system is used. A trans- 
formation of a tensor field is then a transformation of one set 
of functions of the points of a manifold into another set of 
functions of the points of the manifold. 

20*1. The theorem of Stokes. In order to define a 
multiple integral on a manifold of class u, we require an abso- 
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lute skew-symmetric covariant tensor field, whose components 
are continuous functions of the local parameters. In the 
remainder of this chapter it will be necessary to assume that 
the com})onents of the tensor field possess a certain number 
of continuous derivatives. We shall not always state the 
class V of the components explicitly, but it is to be understood 
that V {^u) is sufficiently high for our results to have a 
meaning. If we say that an integral is regular in a region ii, 
we imply that the integral is defined at all points of R, and 
that its coefficients are of class two at least at every point of R. 

We have so far defined the value of an integral only for 
oriented simplexes. It is easy to pass to the definition of the 
value of a p-fold integral on a manifold over any p-chain of 
the manifold. Let 




. . . dx^p 


be a p-fold integral on a manifold M, and let 

be a jo-chain on if, of class one at least. We define the value of 
the integral over 6^ by the equality 




I dx^^ . . . dx^p = 2 


u 




From the definition and properties of a multiple integral 
given by Goursat, we obtain the property that the value of 
a multiple integral taken over a |?-chain is unaltered by sub- 
division of the chain. 

20-2. The theorem of Green has been proved by Goursat 
for simple integrals in space of two dimensions, and for double 
integrals in space of three dimensions. The same methods 
enable us to prove it for (jp— l)-fold integrals in a number 
space of p dimensions; we obtain the result that 

f S ( - du ^+^ . . . du^, 

Ji=l 
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evaluated over the exterior boundary of the domain is 
equal to 

I 

Take ^ to be a simplex and orient it so that the coordinate 
system is concordant with the orientation. If we 

denote the oriented cell by and its oriented boundary by 
F{Ep), the theorem can be written 

p 


p 0P. 


I i; ( - 1 dv>... du^-^ du^+^ . . . duJ^ 

- S 


dPi 


^—dv} ...du^. 

dUi 


Since F(-Ej,)=^-F{E,p), 

this result is true whether the coordinate system is con- 
cordant with the orientation of the cell or not. 

Now consider a general simplex E^ of our 72,-space, given by 

where (Ui, is a parametric system concordant with the 

orientation, and {u^, ...,^^p) vary in a simplex 7^'^, which we 
suppose oriented by these parameters. Then consider the 
integral 

evaluated over the boundary F{E^^) of E^. It is equal to 


r , — -TT-i j dx^' , . . dx^p- 

J (P- 


I 


y(K',)iP l)!y=l 

1 






d(u^y . . ., 

X dip . . . dip ^ dip • ^ . . . du^ 


- 1 . 


[p 

- 1 )! 



> 

a 

r^. • 



' dUj 

L “ •'-a(%, 

•••» %-l» %+l 


1 

n a 

A . 


(p 

=^1)1 

iPi 

^ a('Mi, ..., 



II, 20-2] THE THEOREM OF STOKES 

since, by a familiar theorem, 

y / 1 y-1 . .. . Ip-IL. = 

1 . . . , %_i, • • • j ) 

If we write 

.• = Sy - 1)"-* 
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0 . 








• • * J ^tn) 




1 1 

I ‘ 




n 0 


'^dv}...duv 

^(^*> ^ii> • • • > ^ip-i) 
0(Mi, ...,Mj,) 




and hence 


J F{Ep)^^ 

From the form of this result it is clear that it does not depend 
on the particular simplex considered, or on the particular 
rectilinear cell associated with it. Moreover, the result 
extends at once to any chain, and we have 

f j l-^.A 

JCfP' Jf(Cp)'<P '■>• 

This theorem is the Tikeorem of Stokes, in its most general form ; 
it holds for l^p^n. If we make a change of coordinate 
system, writiug , ,), 

the integral T ^ ...(hetr- 

becomes I-. , 

and ( - 1 )’-! 

- NV _ 1 ^r-l L[ A ^3a 
hi ^^ipj 


05^, 

,h+i-ip\sxt "‘dx. ’ 
since the terms involving second derivatives cancel. 


LA:- 1 
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This verifies that the relation between the (j:>— l)-fold 
integral and the p-fold integral is invariant under change of 
coordinate system, a result which is obvious geometrically. 

21. Calculus of forms. In order to express properties 
of integrals, and relations between integrals, in a convenient 
manner, it is desirable to develop a calculus of the expressions 
which appear as the integrands of our integrals. Following 
Cartan, we call an expression such as 

p\ 

a p-form, and denote it by or, if we wish to stress its multi- 
plicity p, or the set of variables in which it is expressed, or 
both, we denote it by Ap, ovA(x), or Ap{x). Different forms are 
denoted by different letters or by indices Ap, etc. 

If A = 

is any p-form, the (p-\- l)-form obtained from it by Stokes’ 
theorem is denoted by Ay. and we call it the derived form, or 
the exterior derivative, of Thus Stokes’ theorem is expressed 
by the equation 

f A=\ A^. 

J F(Cp^^) J Cpi , 

We now develop a calculus of forms. 

I. Two forms of the same multiplicity can be added. 

If A = ~~iAi V dx ^^ . . . dx^’p 

pi 

and ^ * ' ' ’ 

A + B = ~ . . . dx^^. 


then 
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II. We define the product x of two forms 


— A4 i 

p p\ ij***tp 


and = r B. . dx ^^ . . . dx^<^ 

as follows: 

(i) ifp-\-q>n, A^xB^ = 0; 

(ii) if p + g ^ n, AjjX Bq is the {p + g)-forin 


(p + q)l 


where 


C. . = *^7 A, 7 ? 

+ J p\ q\ *^1 '*P + ? '^ki...kq* 


From these definitions the following results come im- 
mediately: 

(i) Aj, + (Bj, + c;,) - {Aj, + B^,) + q, = A^ Bj, + c;. 

(ii) + + 

(iii) Aj,x(B,^ + C{) = A^,xB^-\-A.^,xC\^, 

(iv) Aj^ X {B^ X C\) = {Ap X B,j) xC, = A^^ xB^x C\. 

(v) A^xB^ = (-ly^^B^xAj,. 

(vi) (A^xB,^)^ ^ B^ + (- iy> A,^x(B^)^. 

(vii) {^x)x = 0. 

The first five of these identities require no restrictions on the 
coefficients of the forms, the sixth requires that the coefficients 
be of class one, and the last requires the coefficients to be of 
class two. 


22*1. Periods. So far, we have only used certain local 
properties of the manifold on which the integrals are given. We 
now consider any absolute manifold M of class u, which is 
orientable, i.e. a Riemannian manifold of class u. We do not 
at present make any use of the Riemannian metric, but, as 
we pointed out in § 3, we can always impose on a manifold of 
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class u, which satisfies the other properties of a Riemannian 
manifold, a Riemannian metric of o, finite class v ^ — 1, so no 
greater degree of generality is achieved by omitting the metric. 

We now wish to consider ])roperties of integrals in relation 
to the manifold as a whole. We shall assume that the forms 
which we consider are regular. 

The theorem of Stokes expresses the integral of a ^-form A 
over a bounding-cycle F as the integral of the derived form Aj, 
over a chain whose boundary is F, From it we deduce that if 

the derived form is identically zero, the value of jA over any 

bounding-cycle is zero. Now consider a fundamental base 

Fi, 

for the ;)-cycles of the manifold M, Let F^j be any ^-cycle of 
M, satisfying the homology 

where the coefficients A,- are integers. Then, for a suitable 
integer A ^ 0, there exists a (p 4* l)-chain such that 

\ A^\ A, 

Jap, jAAiP; 

[ A, 

jTp i=i Jr; 

I A = (I)\ 

Let be any bounding-cycle of (7> — 1) dimensions of M, 
The 7)-chain which it bounds is not uniquely defined, but if 
and (J', are two cliains having as boundary, we have 


Hence, if 
we have 

that is, 

Let us write 
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that is, (7p -Cpisa, cycle, given, say, by the homology 

Hence I ^ = I ^ +AvW^. 

JCp 

It follows that the integral of a p-form whose exterior 
derivative is identically zero defines a “functional” of the 
bounding (p — l)-cycles of Jf, unique save for a linear function 

of certain constants o)^, with integral coefficients These 
constants are periods of the integral on, or with respect to, the 
cycles If Fp is any ^-cycle such that 

1 pf^ X^Fp, 

then the period of the integral on the cycle Fp is 

f A=^Xi(o\ 

J Tp 

The period is always zero on a bounding-cycle or a divisor of 
zero. 

22*2. Forms whose exterior derivatives are zero will be 
called closed forms, and in place of 

^. = 0 , 

we shall usually write ^ 0. 

A closed form of multiplicity zero is therefore a constant, and 
any form of multiplicity n is closed. It is to be remembered 
that it is only in connection with closed forms that we can 
speak of periods. 

A special case of a closed form suggests itself at once. Let 
B be any regular (p— l)-form and let 

Then ^ 0, 


HHI 


6 
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For such forms, the periods of the integrals are all zero. 
For, let us consider any p-chain (7^. Then 

B. 


F{Cp) 


1 

JCp J F{ 
Hence, if CL is a cycle, ^ == 0, 

JCp 


and so 


Jr‘ 


Forms which are the exterior derivatives of other forms are 
called null forms. If A is a null form, we write 

A~0, 

and if A and B are two forms of the same multiplicity which 
differ by a null form, we write 

A^B 


and speak of them as homologous forms. Homologous closed 
forms have the same periods and null forms have all their 
periods zero. We shall see later that the converse of these 
results holds, that is, that if two closed forms have the same 
periods they are homologous, and that if a closed form has all 
its periods zero it is null. 


22’3. Let M' be a manifold homeomorphic with M, and 
denote any object on M' by the same symbol as the corre- 
sponding object on M, with, however, a “prime” attached. 
Construct the product manifold MxM’. The to])ology of this 
has been discussed in § 1 8, and we adojjt here the same notation 
as in that paragraph. 

Let Aj, be any p-form, and B^ a g'-form, both regular on M. 
We can construct from these certain forms on M x M' . At any 
point PxQ' oi MxM' we can obtain a coordinate system 
(ajj, «/i, ..., 2/^) by combining the coordinate system 

(x^, ..,,a;„) at P on if with the coordinate system (yj, ...,y'n) 
at 0' on if' . We can define a p-form on if x if ' by the condition 
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that in the coordinate system y[,...,yn) at PxQ' 

it is represented by 

where this expression also represents the form on M in the 
coordinate system {x^y 

We denote this form on if x Jfcf' by Similarly, from the 
form J8' on if" we define a form on if x if'. The product 
of these forms is a (^ + < 7 )-form ^4^ x J5^ on if x if'. 

We first show how to evaluate the integral of A^ x S' over 
a (^-f- 5 ^)-cell on if X if' which is the product of an r-simplex 
Ej. of if by an 5-simplex E'^ of if', where p + q = r + s. We 
suppose that E,., E^ are so small that we can find coordinates 
{x^y Xy^) on if and on if', such that E^, lies in the 

locus 

and K'^ lies in = 0, ..., y; = 0. 

In these coordinates let 


A^ = i dx^^ ...dx^Py 

p p\ ’ 


In the coordinate system {Xi, y[y on if x if' we 

have 


Aj, X B„ 


1 I 

p\ qV 


B].dx^'...dx^dy'^'...dy'U, 


the summations being from 1 to n. To evaluate the integral 
of this form over Ey. x we put 

= ... = dx'^ = 0 , = ... = dy'^ = 0 . 


pi^Vy q^s, this reduces A^^ x to zero. Hence 

A„xB'„== 0. 


I 


ErXE' 


6-2 
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On the other hand Up — r,q = s,vie have 

f A^__,^Bl,,^dxK..dxr>dy’K..dy’^ 

JEfXE'^ Je,xE' 

= f Ai__ ^dx^...dxJ^x f ...dy''i 

j Ep j Eg 

From the definition of the product of two chains we deduce 
immediately that if p + q = r-\-s, 

(* ,^pX-B8 = 0 {P^r,q¥=s), 

Jc.xC' 

The most important case of the foregoing result occurs when 


and 


Ap and are both closed. Then 


(A^ X BX = {A„hxB'^+{-] )» A^ X ( B;),, = 0. 

The product form is thus closed, and we can speak of its 
periods. If jT^, are two cycles of M, where p + q = r + s, 
Fg, X r'' is a cycle of M x M\ and we have 

I* ,>4pxB;=0 (p^r,q^s), 

Jrrxr' 

and AxB'^=\ Axi B 

j/’pxr; ^ Jr, Jr, 

22'4. We now consider the case in which A^ and B^ are 
closed, and p-^q = n. Let 
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be a fundamental base for the r-cycles of M, for r = 0, 

A base for the n-cycles of ikf x M' is given by 

rj X r;/_, (i = 1 J r = O, . . . , ti). 

We denote the periods of the integral of on the cycles 
of the base for the ^-cycles of M by o)^. 


(i) 


‘ = /r 


A 


py 


and we denote the periods of the integral of on the cycles 
^n-p by The periods of 


/■ 




on the base for the n-cycles of if x M' are therefore known at 
once by our formulae. 

Let r be the diagonal cycle on if x if' given (§ 18-3) by 


SeLr*x 


Then 


r=0 


I Ap X B;,_p = S X K-p = 


Now any point of P is expressible in the form P x P', in the 
notation which we are using, and we can choose the local 
coordinate systems . . ., x^) and {x[, . ..,x!^) on M and M' so 

that r is given in the coordinate system [Xy^, 
on ilf X ilf' by the equations 

Xi^x'i (i=l,...,n). 

It follows that 


f X P,fi_p — r Ap X Bf^_p 
Jr J M 


and we obtain the formula 
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The matrix is the transpose of the inverse of the intersection 
matrix II {rl . r^_p) ||. 

The applications of this result are of frequent occurrence 
in the sequel, and we shall refer to the above equation as the 
bilinear relation connecting the periods of the two integrals. 
If we have to consider a number of closed p-forms 


A 


1 

• 


3 

V 


and a number of closed {n—p) forms 


•* *5 


we shall find it convenient to write the si bilinear relations in 
the following matrix form. If 


and 


O' = I B^ 
Jr> " 


the matrices w and v are called period matrices. The st bilinear 
relations are all contained in the matrix equation 



Aj, X Bi_^ 


cue^^v', 


v' indicating the transi)ose of the matrix v. 

In place of the fundamental bases 

for the p-cycles and (n — p)-cycles we can consider new bases, 
not necessarily fundamental, given by 

and = (i=l,...,ft,..^), 

where a, b are non-singular matrices of integers. The period 
matrices of the integrals for the new bases are 


G)i = u)a', = vb', 
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and the bilinear equations can be written as 


where 




= cOiOi-vi, 


a'e^b = eP. 
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Now the intersection matrix of the new bases is 

and hence 6^^ is the transpose of the inverse of the intersection 
matrix || (zlj, . || of the cycles Zlj, and Thus the 

bilinear relations hold whatever base we take for the period 
cycles, fundamental or not. 


22*5. More generally, let be two closed forms on ilf, 

such that p-{-q = r^n. Then, as before, Ave show that 





xB', 


where is the image of on the diagonal cycle of M x Jf 
If we refer to § 1 8*3 we see that 


Hence 



The values of the coefiicieiits {F^) are given by formula 
(12) of § 18-3. 

We can extend this method to find the periods of the product 
of three or more closed forms. 


23*1. The first theorem of de Rham. In discussing the 
period properties of the integrals of closed forms, we have 
tacitly assumed the existence of a closed ^-form whose 
integral has a period different from zero on some j9-cycle of 
our manifold. The justification of this assumjition is contained 
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in the first of two theorems due to de Rham[2j, we shall 
refer to these theorems as de Rham's first theorem and de 
Rham's second theorem, respectively. At the moment we are 
concerned only with de Rham's first theorem, the statement 
of which is as follows : 

If (i= \, ..,,Rp) is any base for the p-cycles of a manifold 
M, and {i= are R^ arbitrary real numbers, there 

exists a p-form ^ with the properties : 

(i) (j) is regular and closed on M ; and 



The ])roof of the theorem which we give is essentially that 
given by de Rliam, but for the sake of clarity we begin with 
some preliminary considerations which deal with an algebraic 
aj)i)roximation to de Rhani’s theorem. 

23*2. p-sets. Let K be a complex covering our manifold M. 
We denote its p-sim{)lexes by K\^ {i= 1, and its in- 

cidence matrices by as usual. If (j) is any ^-form on M, the 
value of the integral of ^ over is a real number, which we 
denote by c],. We shall say that the integral is represented by 
the set of numbers ..., Any set where e]^ is 

a real number, is called a p-set. 

The (/;+ l)-set which re])resents the integral 

of the derived form can be determined at once. For, 



This (p-f- l)-set is called the derived set of the 

set {e \, . . . , e^). If a ^ is any (^ + 1 )-cycle, we have 
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We now show that, conversely, if . . . , ) is a (p + 1 )- 

set such that 

«f4+i = 0 

for all sets of integers for which is a (/;+ l)-cycle, 

then this + 1 )“Set is a derived set. In order to do this we have 
to solve the equations 

^^+1 ~ (^) 

for the unknowns e],. The necessary and sufficient condition 
that the equations (3) have a solution is that 

*t4+i = ^ 

for all numbers b -^ satisfying 

= {j=l,...,0Cp). (4) 

Since the matrix is a matrix of integers, we need only 
consider integral values of Now (4) is the condition to be 
satisfied in order that ^p+l should be a (/)+ l)-cycle. From 
our hypothesis it follows that the conditions necessary for the 
existence of a solution of (3) are satisfied. The result follows 
at once. 

A derived p-set has the further property that its derived 
{p + l)-set is zero. For, if 

^'p ~ ip)Vj^p-v 

tlieii e], = 

= 0 , 

by equation (7), § 12*2 of Chapter i. 

The converse result, that a p-set whose derived set is zero 
is necessarily a derived set, is not generally true. A ^-set 
whose derived + 1 )-set is zero is called a closed p-^et. 

23*3. We now consider certain properties of a closed jo-set 
(e\, If is any p-cycle which is homologous to 
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zero with division, there exist integers 
that 

W (d+i)’/} = (A # 0). 

Then 

= 0 . 

It follows that if are two ^-cycles of K homologous 

to each other with division, we have 

that is, 

We call the number the period of the ^-set over the cycle 
a^Eip, and our result means tliat the periods of a closed ^-set 
over jp-cycles of K which are liomologous with division are 
equal. 

A derived p-set is a closed set, and the result proved in 
§23-2 shows that the necessary and sufficient conditions that 
a />-set should be a derived set are that it should be closed and 
have all its periods zero. 

The theorem forp-sets analogous to do Rham’s theorem for 
integrals states that if jT^ (i= 1, is a base for the 

p-cycles of Vi, and (i = 1, ..., are arbitrary real 
numbers, there exists a ^;-set (ejj, which is closed and 

has the period i^' on i ^ (i= 1, We now prove this 

result. The equations which we have to solve are 

(p+i)'^j- 4 = 0 (i = 1 , . . . , aCp+i), (5) 

= (i= 1, (6) 

where rj = 

We prove that the equations (5) and (6) have a solution by 
showing that the equations (5), (6) and the equations 

(n~p+l)Vj ^ ^ ^ (^) 

“p . . 

that is, 2 (p)Vi 4 = ^ (i = 1 3 • • . , ^p-ih 

have a unique solution. 
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The equations (5), (6) and (7) are not all 

independent, in general. There are exactly independent 
equations (5), and p^ independent equations (7), where p^ is 
the rank of the matrix (^)y). We have therefore at most 

Pp-\-i Pp “ ^p 

linear equations to solve. The equations have a unique solu- 
tion if the rank of the matrix of coefficients of the unknowns 
is equal to a^. 

We have seen that the rank of the matrix of coefficients 
cannot exceed a^. If the rank is less than the equations 
(5), (7) and 

= 0 (i=l,...,i?^) (6)' 

have a solution in which the are integers, not all zero. 
Suppose such a solution (e],, ..., exists. 

Since the jo-set {e\, ..,,e“/) satisfies (5) and (6)', it is closed 
and has all its periods zero. It is therefore a derived set. Hence 
there is a (p- l)-set such that 

^p “ ip)Vj^p-v 

Multiply the equations (7) by and apply the summation 
convention. We have 


J=i 

that is 2 (4)^ = 0. 

But the numbers are integers, not all of which are zero. 
Hence we have a contradiction, and our assumption, that the 
matrix of coefficients of in (5), (6) and (7) was of rank less 
than a^, was false. 

The rank of the matrix of coefficients is therefore exactly 
and equations (5), (6) and (7) have a solution, whatever 
values we give to v^. When we are only concerned with equa- 
tions (5) and (6), we see that any solution of (5) and (6) is 
obtained by adding to the solution just found a solution of 
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(5) and (6)'. Thus the most general closed ^-set which has 
assigned periods on independent ^-cycles of K is obtained 
by adding a derived set to a particular set having the required 
properties. 

24*1. Proof of de Rham’s first theorem. We are now 

in a position to x)rove de Rham’s first theorem. Since the 
period with res})ect to a cycle of the integral of a closed 
P'forin on a manifold M is unaltered when F^ is replaced by 
a homologous cycle, we may without loss of generality assume 
that the base F\^ (i = 1 , . . . ^ R^) for the p-cycles of M is formed by 
cycles of a complex K which covers M. In order to find a 
regular closed form 0 whose integral has the ])eriod on JTJ,, 
we first construct a closed set (e],, which has the period 
v'^ on Fp (i— 1, We then try to construct the regular 

closed form ^ so that 



This is done by constructing regular jp-forms 
with the properties: 

w f , n = 

J K 

(ii) = 

Su])pose, indeed, that we have such a set of forms P^. Then, if 
(ej,, is any ^>-set, we associate with it the^^-form 

i=l 

i=l 

i—1 

j=l 


Then 
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is the form associated with the derived ( ^) + 1 )-set. If the given 
^)-set is closed, 9 S is closed. Further, if is any 

j)-cycle. 



r “» • 

= S®,- S elPl 


ap ap 
1=1 J=1 


and hence the period of the integral of ^ on the cycle is 
equal to the period of the closed p-set on jT^. 

The proof of de Rham’s first theorem is therefore reduced 
to the proof of the existence of the forms with the properties 
(i) and (ii). It may be pointed out that the relation between 
the additive group of ^-chains of K, and the additive group of 
^-forms a^Fp (where the coefficients are real numbers), is 
that of a group'pair. Any ^-chain C^, and any ^-form a^Fp, 
determine a real number, viz. 


f 

JC, 

with the properties : 

(«) f (®i^p+^i^p) = (* f 

J Op J Op J Op 

and (6) f a.P*, = j* aiP^+ f aiP*,. 

JOp+c' JCp Jo' 

The problem with which we are concerned therefore deals with 
a special case of the wider theory of group-pairs, which is of 
importance in topology. J^or an account of this theory, see 
Whitney [3 1 . 


24-2. As an aid to establishing the existence of the forms 
Fp, we first prove a lemma. In the number space 
the set of points given by 

|a:j|<l (i= 

is called a box. We denote it by B„. The lemma states: 
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Let P be a p-form {p'^l) which is regular in a region of a 
number space containing the box and which is zero 

outside the box. If P has the properties: 

(i) P is closed] 

{\\)ifp=^n, f P = 0, 

J Bn 

then there exists a (p— lyform Q, which is regular in the same 
region and vanishes outside jB,^, such that 

Moreover, if P depends on a parameter t and has the properties : 

(a) the rth derivatives of the coefficients of P with respect to 
t are continuous functions; 

(b) P is zero when \ t\>k] 

then Q can be chosen to satisfy (a) arid {b). 

It is worth while pointing out the reason for the condition 
(ii) which is imposed when p ^n. If is any />-chain whose 
boundary lies on the boundary F{B^^) of B^, (7^ is homologous 
to a chain on when p is less than n. Since P is closed, it 

follows that 



But if ^ = n, is a chain whose boundary lies on F{ 

and is not homologous to a chain on F{B^^). We cannot 
therefore deduce from the fact that P is closed that 

f P = o, 

JCn 

and condition (ii) is necessary to ensure this result. 

We prove our lemma by induction on n, the dimension of 
the number space, lin = I, we have only one case to consider, 
namely p — \ n. B^ is given by 

1*1 < 1 - 
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If P is a l-form satisfying (i) and (ii), and 

Q is regular and vanishes outside on account of (ii). 
Further, 

Q. = P- 

The form Q therefore fulfils the conditions of our lemma. 
Moreover, if P depends on a parameter t and satisfies the supple- 
mentary conditions (a) and (6), Q also satisfies these conditions. 
We therefore assume that our lemma has been established 
for space of less than n dimensions, and show that this implies 
its truth for a space of n dimensions. We consider first the 
case p n. Let 

P = Adx^ 

and write P^ = A dx ^ . . . dx*^^^. 

Let [x^] denote the box of (ti- 1) dimensions which is the 
section of by x^ = constant, and write 

f P^=f(xJ, rfixJdx-==F(xJ. 

J J 1 

We can construct an (n— l)-form of Q^, which is independent 
of a;,„, with the properties; 

(1) Q’ is regular in a region of our space containing 

(2) QUs zero outside [«„] in the (n - 1 )-8pace a:„ = constant ; 

(3) f Q^=l. 

J[Xn] 

Then, if we regard the {n— l)-form 

as a form in [*„] containing the parameter it follows from 
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the hypothesis of induction that there exists an (n — 2)-form 
Q2 with the properties: 

( 1 ) is regular in our region ; 

(2) is zero outside in the (n — 1 ) -space = constant ; 

(3) Ql = P^-f(Xn)xQ^ in Kl; 

(4) when regarded as a form in the ?i-space, is regular and 
vanishes outside 

This last property follows from the supplementary con- 
ditions. 

We now regard as a form in the n-space. We have 

[Q^ X = P -f(x^) xQ^x dx^ 

= F + (--l)nF(xJxQ^],. 

If, now, we define the form Q by the equation 

g = X dx^^ -f ( - F(xJ X Q\ 

Q satisfies all the requirements of our lemma . If P contains 
a parameter t and satisfies the supplementary conditions (a) 
and (6), Q also satisfies (a) and (6), provided and satisfy 
the condition relating to the parameter t. 

We now come to tlie case p<n. Let P^ be the form obtained 
by putting dx^^ = 0 in P. We write 

P = P^-\-P^x dx^K 

The form P^ is closed in [x^], and, if p = n — 1, 



where 7' is the boundary of one of the cells into which [x^] 
divides A . From our induction hypothesis, using the supple- 
mentary conditions, we know that there exists a form 
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which is regular in the region containing and is zero outside 
such that 

when = 0. Thus we can write 

Q]^ = -h X dx^^, 

and hence P — = ( P^ — P^) x dx^\ 

Since P — Qi is closed, P^ — P^ must be closed, when regarded 
as a form in [x^. It also vanishes outside [x,^] in x,^ = constant. 
Hence there exists a form Q^, which is regular in our region and 
vanishes outside such that 

Q2^p2_^p3 

in [x^. Hence, in the n-space, 

= P-Qi 

and so Q = 4- x dx^ 

is a — l)-form satisfying the requirements of our lemma. If 
P depends on a parameter t and satisfies the supplementary 
conditions (a) and (6), it is easily seen that Q also satisfies 
conditions (a) and (6), provided and are chosen to 
satisfy these conditions. 

24*3. We now return to our manifold M oi n dimensions, 
with a covering complex K, In order to construct the forms 
P^, we construct a series of domains on M. Each of these 
domains is in (1-1) continuous correspondence of class v with 
a box B^, and if v is at least three any regular form in the box 
will correspond to a regular form in the domain. 

If Pp is any simplex of K, the region of M which is covered 
by Pj, and the simplexes of K which have on their boun- 
daries is called the star of in K, We construct a domain 
associated with each cell of the dual complex iC*. The domain 
associated with is denoted by D(E*Lp), and the domains 
are required to satisfy the conditions: 

(1) each domain is in (1-1) correspondence of class v 3) 
with a box 


HH 


7 
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(2) D(E*Lp) lies in tlie star of Ep and contains E*t.p in its 
interior; 

(3) if E*i!!p^i are the (n— l)-cells of iC* 

which lie on the boundary of the domains 

(fc = 1 , . . . , r) are contained in D{E*i.p), 

It is easily shown that it is possible to construct such a sot 
of domains. 

We now prove that there exist regular forms ( i = 1 , . . . , ; 

= 0, n) satisfying the three conditions: 

(i) = 

(ii) ( - 1 = (n-p)V*' Pp+i ; 

(iii) Pj, is zero outside 

The forms PJ:^ are easily obtained. We can construct a function 
fi{x) on M, of class two at least, which vanishes outside D{E^^ ) 
and satisfies the condition 

f ,Ji(x)dx^ = l. 

JlKlio) 

We define Pi to be J\(x)dx^ ...dx”. .Since D{E^^) fies in E^, 
satisfies conditions (i) and (iii). Condition (ii) does not arise. 
To construct let 

Ef->Ep-Et^, 

Then P{ - P^J vanishes outside />(Pf and 



Hence, applying the lemma of the last paragraph, we can con- 
struct an (ti - 1 )-form Pj, regular on M and vanishing outside 
D{Ei^)^ which satisfies the equation 

This form P^-i satisfies the conditions (ii) and (iii), by con- 
struction. It also satisfies condition (i) when i To show that 
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it satisfies this condition when i = j, we consider the boundary 
relation for This is 

where is a chain of K in which has the coefficient 
zero. Then 



= 1 . 


The forms are obtained inductively. Suppose we have 
constructed for q>p. Then 

[(- Pv+-i 

= 0 , 

and (— regular and vanishes outside 
Hence, by our lemma, there exists a ^-form Pp 
regular on M and vanishing outside D{EfjLp), such that 

Pp,x = {-'^y’^^(„~v)vVPUv 

The form Pj, satisfies conditions (ii) and (iii), and condition (i) 
when i ^ by construction. It remains to show that condition 
(i) is satisfied when ^ — j. In the following equations the 
summation convention is not used. We have 




) 


pi 


where is a simplex of K having Pj, on its boundary. Hence 


since 



(p+DVij Pp,x 

= {p+i)V\ \ ( - %' Ui-p)Vp f , Pi+i\ 

L 1 J ^p+i -J 


= [(p+i>Vif = 

ip+aVi = = ± 1 - 


7-2 
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In this way all the forms Pj, are constructed. The truth of 
the first theorem of de Rham follows at once. Thus, we have 
finally proved that there exists a closed p-form whose integral 
has Pp arbitrarily assigned real numbers as its periods on 
independent j^-cycles of M. 

25. De Rham’s second theorem. It is a])propriate at 
this stage to mention the second theorem of de Rham. This 
theorem states that if is a closed form on a manifold M whose 
integral has all its periods equal to zero, then (j) is a null form. 
De Rham has proved this theorem by a method which is 
similar to that used above to establish the first theorem. Let 
be a closed p-form whose integral has zero periods. We 
define a p-set {e ^, . . ., by the equations 



This p-set is closed, and has all its periods equal to zero. 
Hence, by § 23*2, it is a derived set, and we can write 

4 = (p)Vi4-v 

Now 2 4^p = 2 (p)44-i^ 

1 1 i = 1 

JT . 

L;=i 

Hence ^~\lr = <j>— 4) 

1=1 

where ^ is a closed form which has all its periods zero, and 
which has the further property that 

r ^ = 0 (i=l,...,a^). (8) 

JEp 

To establish de Rham’s second theorem, it is sufficient to 
prove that ^ is a null form . While there is no intrinsic difficulty 
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in proving this, the details of the proof are somewhat involved. 
We have first to extend the lemma of § 24-2, and we have then 
to construct a new and elaborate system of domains on M. 
De Rham first shows that rjr is homologous to a p-form 
which has the property (8), and which vanishes in a set of 
domains containing the 0-simplexes of K. Then he proves that 
is homologous to a p-form which has the property (8) 
and which vanishes in a set of domains containing the 1-sim- 
plexes of K. Proceeding by induction, he proves that xjr is 
homologous to a p-form where vanishes in a set of 
domains containing the ri-simplexes of K. But this last set of 
domains covers M, and is therefore zero on M, The 
theorem follows. 

We do not go into the details of this proof, which will be 
found in de Rham’s paper [2j. Instead, we shall prove the 
theorem in the next chapter, as a first application of the 
I)roperties of harmonic integrals. 

26- 1 . Products of integrals and intersections of cycles . 

The two theorems of de Rham enable us to express some 
of the tof)ological invariants of a manifold M in terms of the 
integrals on M. If (i— 1, is a base for the j^-cycles 

of M, the first theorem shows that there exist closed p- 
forms (/)^p (i=l, such that 



No linear combination with constant coefficients of the 
p-forms (j)p can be a null form. For, if 

the integral of ^ must have all its periods zero. But 



and hence each coefficient is zero. Again, if xjr is any closed 
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^-form having the period on (i = 1 , . . . , R^), then xjr — <f>p 
has all its periods zero. Hence, by de Rham’s second theorem, 

t ^-1 

The pth Betti number of M can therefore be defined as the 
maximum number of (closed p-forms on M which are linearly 
indepPMdeM, that is, which are such that no linear combination 
of them is a null form. 

This result suggests that we might try to express all the 
theorems on the topology of a manifold in terms of properties 
of integrals on the manifold. This ])roce(hire is not, however, 
comj)letely satisfactory. In the first place, we have used the 
properties of complexes on a manifold in order to establish the 
existence of closed forms with non-zero ])eriods. While it 
might be possible to overcome this difficulty, there is a second 
and more serious objection. Certain toj)ological invariants, 
such as the torsion groups of a manifold, have no })lace in the 
theory of integrals, and cannot be taken ac(^ount of in an 
investigation of the properties of a manifold by means of 
integrals. Nevertheless, when we only need to consider 
])ro]^ertics of a manifold depending on homology with division, 
the to])ological characters with which we are chiefly concerned 
can be expressed in terms of integrals. We now give some of 
the more important formulae. 

26-2. Let r\^ (/=!,..., be a base for the p-cycles of M, 
for p = and let (f)], denote a closed p-form on M 

such that 



Aset of closed p-forms (i= 1, ...,i?p)is said to form a base 
for the 2 >-forms on M if any closed p-form ^ on M satisfies a 
homology 
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where the coefficients are real numbers. The result stated in 
§26*1 shows that the forms (i= 1, form a base. We 

now show that the necessary and sufficient condition that the 
closed forms (i= 1, should form a base is that the 

period matrix to = should be non-singular, where 



(i) The condition is necessary. For, if the forms form 
a base, there exist real numbers a] sucli that 

<l>p 

Hence = 

Since the matrix formed by the first rnembersof these equations 
is the unit matrix {a)) and {co^^) are non-singular matrices. 

(ii) The condition is sufficient. If (wO) is a non-singular 
matrix, it ])ossesses an inv^'ersc, wliich we denote by 
1'hen, if 

A'p = S 

the integral of — 0]^ has all its ])eriods zero, and hence 
If ijr is any closed ^-form on M, 

where the coefficients are real numbers. 

The condition that a set of closed p-forms should form a base 
has been expressed in terms of the period matrix of the forms. 
This therefore requires the choice of a base for the p-cycles. 
We can ex])ress the condition without any reference to the 
periods. Let i^n-p (^ = L t)e a set of closed (n-p)- 

forms forming a base for the (n— p)-forms on M, and let the 
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period matrix of their integrals be v = Then, by the 
bilinear relations, 


f =coeV, 

J M 


where is the transpose of the inverse of the intersection 
matrix || {r^ . ||. The matrices and v are non-singular, 

and hence ^ j? x ^h-p is non-singular if and only if c*> is 

II Jm 

non-singular. Hence: 

A set of closed p -forms (i = 1 , . . . , is a base for the p-forms 

on M if and only if there exists a set of closed {n—p)-forms 
(i = 1 , . . . , Rn_p) such that the matrix 


is non-singular. 


f 

J M 


26*3. Let Fp (i — I, lip) be a base for the 2>-forms on M, 
defined for each value of p. If (/ = 1, . . . , Rp) is a base for the 
jo-cycles of M, we now seek relations connecting the numbers 


(p+q^n), 

J M 

{a + b + c^n), 

J M 


etc., with the intersection numbers 

in-p-rL,), (ri-a-rU-n-c) 

These intersection numbers depend on the choice of the bases 
for the cycles of M, so we must expect the relations to depend 
on the j)eriods of the integrals of the forms (/)p with respect to 
the cycles L'p. The formulae are simplest when we choose the 
forms (pp so that 

t = (p = 0,...,n), 

Jr’ 



PRODUCTS OP INTEGRALS 


105 


II, 26 * 3 ] 

and we shall consider only this case, leaving the deduction of 
the formulae when the bases (f>p (i= 1, ...,7?^) are chosen 
generally as an exercise to the reader. 

We denote the inverse of the matrix || (Pi^p . Pi,) |1 by 

(i) Let p + q = n. Then, if 

J M 

we know, by the bilinear relations, that the matrix is the in- 
verse of the transpose of the matrix || ||. The transpose 

of this intersection matrix is, however, equal to ( — 1)^'^ 
and hence 

(ii) Let p + q-\-r = n. The periods of the integral of the 

(p + ?)-form are found by the formula of §22*5. We 

have 



and hence x ~ S 

y=--\ 

Therefore, we have 


= f 94;, X </>i X ^ 4 * = f i ^r^in-r) f <Pl-r X 54? 

Jm JMy^i Jm 

If w e now substitute the value of A given by equation 

(12) of § 18*3, we obtain the equation 


l,P^f _ A>f'-r (pa. pfi py v 

^ijk ^ai ^yk n— ij • ^ n—q‘^ 7t~r)' 


A similar argument enables us to express quadruple inter- 
section numbers in terms of integrals over M of quadruple 
products of the forms etc. 

In the case in which ri is a multiple of 4, say n — 2m 
where m is even, w e have 


_ ^mm 
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where is the inverse of the intersection matrix || . jT^) [j. 

The signature of this intersection matrix is therefore equal to 
the signature of Let (i = 1 , . . . , JS,,,) be any base for the 
m-cycles of M, and let 

Jr/- 


oy>. 


Then 


if X •I'L ii = 

\Jm 




and it follows that the signature of | 


ii f X fin 

'Jil 


is equal to 


the signature of || . F\^) ||. Hence the signature of 

1 f fL X fin 

\\J M 

is a topological invariant of i¥. 


rp:fi^rencks 

1. E. Gouhsat. Cours d' Analyse, vol. 1, 4th ed. (Paris), 1924. 

2. G. DK Rham. Journal de Mathenmtique (9), 10 (1931), 115. 

3. H. Whitney. Duke Mathematical Journal, 3 (1937), 35. 



Chapter III 

HARMONIC INTEGRALS 


The investigation of the properties of integrals on a mani- 
fold which we have made in Cha})terii does not make any use 
of the Riemannian metric which was introduced in (Chapter i. 
In tliis chapter we consider integrals in relation to a given 
metric, and use the fundamental metrical tensor in order to 
define a restricted class of regular closed forms. This class of 
closed forms has the property that there is in it exactly one 
form of multiplicity }) homologous to any regular closed form 
of multiplicity p, or, in other words, there is just one p-form 
of the class whose integral has given ])eriods on indej^endent 
p-cycles of the manifold. The definition of this class of forms 
has certain analogies with the definition of potential functions 
in mathematical physic^s, or of harmonic functions in the 
theory of functions of a complex variable, and for this reason 
we call the forms of the class harmonic forms, and their in- 
tegrals harmonic integrals', we also call the skew-symmetric 
covariant tensor, defined by the coefficients of a harmonici 
integral, a harmonic tensor. 

27*1. Definition of harmonic forms. Let us consider 
a Euclidean space of ri-diniensions, in which 
are rectangular cartesian coordinates. From this space we 
can define a Riemannian space in the following way. The 
Riemannian space has the same points and neighbourhoods 
as the Euclidean space, but we now admit as allowable local 
coordinate systems any set of coordinates {y^, ...,2//?) obtained 
from the cartesian coordinates {x^, ...,x^)hy Sb transformation 
of class u (u ^ 2) which satisfies conditions (i) and (ii) of § 2-1, 
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in some region. We define the metric by the condition that in 
the coordinate system {x^, is given by 

Qijdx^dx^ = {dx^Y-\- ... + {dx^Y, 

Let (/) he Q, function in the Euclidean space which is a 
potential function in some region of the space. The con- 
dition for this is, in the usual vector notation, 

div grad = 0. 


Now grad <f) is, in our notation, the covariant vector 




d(j) 

dXi 


Thus when the space is considered as a Riemannian space, 
grad ^ is the co variant derivative of (j). The equation 

div^^ = 0 

is, when written in full, 

and in this form it is not a tensor equation in the Riemannian 
space. We now try to find a tensor equation in the Riemannian 
space which will reduce to div = 0 when the coordinates are 
the rectangular cartesians (x^, ...,x,,). 

In the coordinate system (arj, . . . , x^, ) we have the relations 

<Jij = 9'’ = Hk = 0 . 

Moreover, we have ^Jg = 1. The equation div^i, = 0 can 
therefore be written as 


1 


» d 




or, equivalently, = fi- 


This last equation is a tensor equation in the Riemannian 
space, and is the necessary and sufficient condition that the 
scalar field ^ should correspond to a potential function in the 
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Euclidean space. If we now define the divergence of an 
absolute covariant vector in the Riemannian space by the 
equation 

Laplace’s equation div grad ^ = 0 becomes a tensor equation 
in the Riemannian space. A function 0 which satisfies it may 
be called a harmonic function, and the necessary and sufficient 
condition that a function (J) should be a potentia 1 (or harmonic) 
function in the Euclidean space is that it should be harmonic 
in the Riemannian space. 

1^3 

The equation 2 ^ 

i = l 

which we found above for the condition that (f> should be 
harmonic, is the condition that the (n— l)-form 

should be closed. This geometrical form of the condition sug- 
gests the generalisation of the notion of a harmonic function 
which we are seeking. 


27*2. We consider a general ri-dimensional Riemannian 
space, with the metrical tensor Let 


P = — Pi i . . . dx^p 
pi 

be a p-form in the space. Since Pi^,„ip is an absolute tensor, 

is a skew -symmetric tensor of weight zero, and the form 
1 


P* == 


in-p)\ 


PI 




dx^' . . . dx^‘^-p 
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which it defines is determined uniquely by P and the metrical 
tensor. We call P* the dual of the form P. Now 




Jn—p 


— fj)n-pkn~p fjUibi (jdpbp 

p\{n-pYy^ ^ 

^ . ,bp ^Q\ >..cip k\ . m.kft—p ‘ • ‘Jn—p i\” ’ip ^ 

using geodesicj coordinates, we can easily prove that 
In these coordinates, we have, at the origin. 

Hence we have 7^** = ( — 


which shows that the relation between P and P* is symmetrical, 
save perliaps for sign. If P is the exterior derivative Q^, of a 
(p— l)-form Q, we shall usually write 

P* = Q^, 


If P is an 0-form, that is a function, Laplace’s equation can 
be written as ^ p^^ ^ ^ 

An exam])le of a 1-form which satisfies the equation 

P- , = 0 


suggests itself at once. In Euclidean space of three dimensions, 
consider the magnetic field due to a system of currents. At any 
point of the space at which there is no current, the vector 
potential A = is a co variant vector satisfying the equation 


curl curl A = 0. 


If we now ])ass from the Euclidean space to the Riemannian 
space defined by it, as in §27*1, and consider the 1-form 
A = A^dx^, this vector equation can be written as 

= 0. 
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27-3. It will be remembered that the electrical potential 
due to a system of charges, or the vector potential due to a 
system of currents, is not uniquely determined; to the former 
we may add an arbitrary constant and to the latter we may 
add a vector whose curl is zero, that is, a tensor defining a 
l-form which is closed. Let us consider briefly the usual method 
of defining the potential or vector ])otential. In defining 
electrical potential we start with a covariant vector E, 
representing the electrical intensity, which satisfies the 
equation 

curl E = 0, 

or the equivalent equation 

E = E^dx^-^i), 

We then say that this is sufficient to define a function 
unique save for an additive constant, which satisfies the 
equation 

Similarly, in defining the vector potential we begin with the 
contravariant vector B = which represents the magnetic 
induction. This satisfies the equation 

div B = 0, 

and the equivalent equation in the notation of forms is 
B = 

where 

We now say that this is a sufficient condition for the existence 
of a 1-form 

A = Afdx\ 

determined save for an additive closed 1-form, which satisfies 

A, = B. 

But the theorem invoked, that a ^-form is null if it is closed, is 
only true locally, that is, in a sufficiently small neighbourhood 
of a point, and, as we saw in Chapter ii, it is not true in the 



112 


HARMONIC INTEGRALS 


[III, 27-3 

large on a manifold for which is greater than zero. We now 
define harmonic tensors to be the analogues of the electrical 
intensity and magnetic induction in the large, and we are thus 
led to the following definition: A p-form P is a hurmonic form 
if (1) it is regular everywhere on M, and (2) it satisfies everywhere 
the conditions 

P->0, P*->0. 

The integral of a harmonic form is a harmonic integral, and 
the tensor defined by the coefficients of a harmonic form is 
a harmonic tensor. According to this definition the potential 
difference between two points in an electrical field is measured 
by the integral of a harmonic form along any path between the 
two points; and the integral 

jA.dx 

of the vector potential in the magnetic field round a bounding 
circuit is equal to the integral of a harmonic 2-form over any 
2-chain having the circuit as its boundary. 

As immediate consequences of the definition we observe 
tliat the {n-py form P* which is the dual of a harmonic 
^-form P is harmonic, and that a harmonic 0-form is a con- 
stant while a harmonic ri-form is a constant multiple of 

^gdx^ ...dx^^ . 

27*4. It is not of course clear that on a Riemannian manifold 
M, ^^-forms P (i)<p<n) having these properties exist, and one 
of our main objects in this chapter will be to establish the 
existence of a harmonic ^-form P such that the integral 

has arbitrarily assigned periods on independent ^-cycles 
of M. The case = 1, ^ = 2 is, however, somewhat special, 
and the existence theorem in this case is really a classical 
theorem. The Riemannian manifold is in this case a two-sided 
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closed surface (cf. § 1 ), and by elementary differential geometry 
we know that we can choose local systems of parameters 
{x, y) so that the fundamental quadratic differential form is 

X{x, y) \dx^ dy"^]. 


Now if 

is harmonic, then 

and 


U = Pdx-Qdy 
dy dx ’ 


dx 


dQ 

dy^ 


so that if ?7* = F = Pdy+Qdx, the integral 

J((/-f-iF) = ^{P-\-iQ)(dx-\-idy) 

is locally an analytic function of the complex variable 
z ^ X + iy. It follows that, if we apply to M any of the classical 
proofs, e.g. that given by WeylL^J, for the existence of every- 
where finite algebraic integrals on a Riemann surface, we 
establish the existence of a unique harmonic integral 




^Pdx-qdy) 

having assigned i)eriods on the 1 -cycles of M, 


28-1. Approximation by closed ^ -sets. It is not with- 
out interest to consider the relation between the harmonic 
integrals which we have defined and certain 2 >-sets which we 
discussed in §23. To do this, we first define a g-dimensional 
direction at a point P of a manifold. Let {x^, be co- 

ordinates valid in a neighbourhood of P, and consider a locus 
defined by the equations 


H HI 


8 
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which passes through P. We say that P is an ordinary point 


of the locus if the matrix 
locus, given by 




is of rank q at P, If L' is another 




which passes through P and has an ordinary point at P, we 
say that L and L' touch at P if 



where (af) is a non-singular matrix of q rows and columns. 
By using elementary properties of functions we can verify 
that the following properties hold : 

(1) the condition that L and U should touch is independent 
of the parameters in L and U which are used; 

(2) the condition that L and U should touch does not 
depend on the coordinate system (a?!, a;„) chosen at P; 

(3) if L touches U at P and U touches L" at P, then L 
touches L" at P. 

The set of all loci which have an ordinary point at P and 
touch at P is said to define a direction at 7^. 

Let us suppose that the point P is given by = 0(i=l, ,..,q) 
in the equation of the locus L, We consider the portion S of L 
given by 


whose a^, . . are positive constants. The volume V(S) of S is 
defined by the integral 



n 

q\yuu 


I tq) ^(^l' • 




Q = ^^Qu.. 


: dx^^ . . . dx^^ 

Iq 


Let 
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be any g^-form, defined in the neighbourhood of P. We consider 
the limit of 

as tend to zero independently. By elementary 

analysis it can be shown that this limit depends only on Q 
and the direction of L at P. We define it as the derivative 
of the form Q in the given direction at P. 

This definition leads to an interesting interpretation of the 
condition that a p-form P should be a harmonic form. Con- 
sider any point 0 of our manifold, and a ^-dimensional direc- 
tion through it. We can choose local coordinates valid in the 
neighbourhood of 0, which are geodesic at 0, and are such 
that the locus 


is tangent to the assigned direction at O, In these coordinates, 
the derivative of P in the given direction is ± Pi^...,^ evaluated 
at 0. Since the coordinates are geodesic, the dual form P* 
has the property that 


P* . = P. 


provided even derangement of the natural 

order. The direction absolutely per])endicular to the given 
direction is defined by the locus 


Xi, = 0 , ..., = 0 , 

and hence the derivative of P* in this direction is ±P^j...^^ 
evaluated at 0. 

Hence the dual form P* of P can be defined as the form 
which has the property that P and P* have the same derivative 
when evaluated in absolutely perpendicular directions at 
every point of the manifold. It can be verified that P* is 
uniquely defined in this way, save for sign. We may therefore 
speak of P* as the form absolutely perpendicular to P. Thus 
P is harmonic if both P, and the form absolutely perpen- 
dicular to it, are closed. 


8-2 
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28*2. We take the interpretation of the harmonic condition 
which we have just given as the basis of an approximation to 
the theory of harmonic integrals by means of ^-sets. Let K 
be a covering complex of M. Then if P is any ^-form, the 

integral Jp determines a ^^-set {e^, on K, as in §23, 

which is closed if and only if P is closed. We now try to define 
the dual of a j 9 -set. Since direction has no place in topology, 
we cannot speak of an j 9 )-direction |3er])endicular to a 
jp-direction. But we have introduced the notion of a dual cell, 
and we can use the {n — p)-Geil dual to a given ^-ccll in place 
of the direction perpendicular to a given direction. We are 
thus led to consider as the dual of the p-set (e]^, ...,c“^) the 
( 72 , _ 2 j)-set (e*lp, . . . , €*%) associated with the cells of the dual 
complex A"*, where 

= 4 

We then say that the jp-set (cj, . . . , ejp) is harmonic if (cj,, . . . , 
is closed in A, and if the dual set (e*L^„ . . . , el%) is closed in A*. 
The conditions for a harmonic set are therefore: 

(1) (p+i)^^j4 “ ^ L • • •> 

and (2) (n~p^i)Vf4 = ^ L 

These equations are, however, just the equations (5) and (7) 
of §23*3. The result of that paragraph therefore shows that 
there is exactly one harmonica-set having arbitrarily assigned 
periods on R^j independent p-cycles of A. 

It is tempting to make this finite representation of the 
harmonic ])roperty the basis of the proof of the existence of 
harmonic integrals with assigned periods. The details, however, 
of a proof of this nature present considerable difficulty, and 
a satisfactory proof on these lines has not yet been obtained. 
It may be mentioned, however, that successful solutions of 
some analogous problems have been obtained by these 
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methods. Thus Courant, Friedrichs and Lewy [i] have applied 
this method to the problem of solving the equation 

d^u d^u 
dx^ dy^ 

in the {x, y) plane, where u has assigned values on the boundary 
of a simply-connected domain. 

In my original proof [3, 4] of the existence theorem for har- 
monic integrals I made use of an argument based on the above 
considerations at one stage, but I was forced to complete the 
proof by other means. Tlie proof I*')] which is given below uses 
entirely different considerations. It is to be hoped, however, 
that the method which I have suggested here may yet be used 
to establish the existence of harmonic integrals having assigned 
periods, since the finite representation exliibits so clearly the 
essential nature of the harmonic property. 

29. Periods of harmonic integrals. Before proceeding 
with the proof of the existence of a harmonic j^-fold integral 
having assigned periods on independent ^>-cycles of the 
manifold M, we must examine certain consequences of applying 
the bilinear relations to harmonic integrals. Let 

pi 

be two j9-forms. Then, 

P^Q* = <jhh 

= QxP*. 

PxP* = g‘^‘' ■ • • g‘^^‘’ Pu...i, Pu...i, dx^ — dx'‘. 

p • 


Also, 
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Since g^^dx^dx^ 

is positive definite, 

?*■*'■* • • • ® 

unless = 0. 

Now consider the case in which the forms P and Q are harmonic 
and let 

be the periods of the integrals 

on a set of R^, independent ^-cycles I\, and let 

w*i, 

be the periods of the duals of these integrals on a set of En^p 
independent (n — p)-cycles Pi-p- Let denote the transpose 
of the inverse of the intersection matrix || {Fp. rl_p) ||. Then 





Also, 


= f PxP*>0, 

J M 


unless = 0, everywhere. 
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Thus a non-zero harmonic integral cannot have all its 
periods zero, and two distinct harmonic p-forms cannot be 
homologous. 

30* 1. The existence theorem: preliminary considera- 
tions . We now come to the proof of the fundamental theorem : 

There exists a harmonic integral having arbitrarily assigned 
periods on independent p-cycles of a Riemannian manifold M. 

Since the harmonic form of multiplicity zero is a constant 
and that of multiplicity is a constant multiple of 

^gdx^ .,,dx^, 

we may suppose the problem solved for the cases = 0, n, and 
confine ourselves to the cases (i<p<n. 

In the theory of potential functions in Euclidean space, we 
have trivial differences between the cases n>2 and n = 2, due 
to the fact that if r is the distance from a point 0 to a variable 
point P the potential at P due to a unit point-charge at 0 is 
1 or log r according as > 2 orn = 2. Similarly, when we 
consider harmonic integrals in a Riemannian manifold, we 
have similar differences between the cases n>2 and n — 2, 
We again have to consider a function which is like l/r^~2 when 
n>2 and like logr when n = 2. We can pass from the case 
72 , > 2 to the case = 2 by a formal change at each stage of the 
argument, or to avoid needless repetition we can quote the 
proof of the case n = 2, which, as we have said above, is a 
classical theorem on the Riemann surface. For brevity we 
adopt the latter course, leaving the reader to see what formal 
changes in our proof would be necessary in the case n = 2. 

30-2. We shall call a function r(x,y) a distance function 
of class Vy between any two points x and y of My if it satisfies 
the conditions: 

(i) r[Xy y) = r{yy x) >0, {xi^y)\ r{Xy a:) = 0 ; 

(ii) regarded as a function of a; it is a function of class v of 
the local parameters at x\ 
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(iii) as X approaches y we may refer the two points to the 
same system of local parameters. The function must then 
satisfy the condition 

I [gij(y) {Xi - »/i) (Xf - ~ ^ ’ 

where Qijiy) denotes the value of gij at the point y. 

The construction of the function r(x, y) is in most cases a 
simple matter. Let us consider first the case in which is a 
manifold of class u, and can be represented as a locus of class 
w in a Euclidean space of finite dimensions N, given by 

^i=fi{Xi,...,x„) 

and sup])ose that the metric is defined on M by the Euclidean 
distance clement in 

Then, if P (x^, and Q (//i, are two points of 

M, we may define r{x, y) by the cipiation 

r{x,y) = [ S • 

1/C=1 ) 

This applies for all values of u, including u — (o, that is, the 
case in which 31 is analytic, and v may have any assigned value, 
0 ^ ^ This covers a number of important applications, such 
as the ap[)lication to algebraic varieties. Again, if the metric 
is not given as an intrinsic part of the definition of M, and is 
only to be introduced for auxiliary purposes, we may represent 
M as a locus of finite class ^ in a Euclidean space S^r. Then 
we can introduce the metric by means of the Euclidean distance 
element in iSy, and r(x, y) can be defined as above. This case is 
of importance in our proof of de Rham’s second theorem, for 
which it is only necessary to define some metric, but any 
metric which can be defined on M will serve the purpose. 

On the other hand, the metric may be given as part of the 
data of M and we may not be able to find a representation of 
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Min which the given metric can be obtained from the Euclidean 
metric of the surrounding space in the manner we have 
described. In this case we can proceed as follows. There exists 
a polynomial <j){x) with the properties: 

(i) >b, 0<«<a:<a + 26; 

(ii) = a, ^(a + 26) = a + 6 ; 

(iii) when x = <i, 

= ^ 0-=2, 

(iv) when a; = a + 26, 

^<l>{x) = () (r=l,...,?0. 

Indeed, if }jr{x) denotes the polynomial consisting of the first 
v-\-\ terms of tlie expansion of 

b-\-x 

as a power series in x, then 

^{x) — X— (x — aY+^ i/r{x — a — 2b) 
is a polynomial with the desired properties. 

Now if X is any point of there is a neighbourhood of x 
with the property that any j)oint of N^. can be joined to x by 
a unique geodesic lying in N^., We can find two positive con- 
stants a, b such that the geodesic spheres whose centres 

are at x and whose radii are a, a -t- 2b, lie in Nj., for all points x 
of M. If 1 / is any other point of M, we define S(x, y) as follows : 
(i) = f){x,y) 

if y is within Fj., where p(;x, y) is the geodesic distance from 
y to x', 

(ii) S{x,y) = <l)(p[x,y]) 
if y is within but not within Fy, 

(iii) 8{x,y) = a + h 
otherwise. 
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Then S{x, y) is a function of class v, whether regarded as a 
function of x, or of y. The function 

'r{x,y) = + 

satisfies our requirements. The number v can take any integral 
value less than u. 


30-3. We now define a double form (i)rp[x, y), that is a form 
which is a ^J-form in the local parameters , x^) at x, and 

a^-form in the parameters {y^, valid in the neighbour- 

hood of y. Let r(x, y) be a distance function and write 

L^r\ 

Then, when p ^ 0, 


1 


0a;,., 02 /,., ■■■ 0a:,.. 


da:’* . . . dx^ dy^' . . . dy^’’. 


_d^L d^L_ 


When p = - I , we define (o__^(x, y) by the equation 




If r{x, y) is of class v, the coefficients of this double form are 
functions of class v—\ of the local coordinates in the neigh- 
bourhood of any two points x, y of M, except where x = y. 
In Euclidean space, o)q(x, y), regarded as a function of .r, is the 
electrical potential due to a unit charge at y. In Euclidean 
3-space, if we write 

Aidx^ = j (Oi{x,y), 


where the integration is with respect to y and is over a cycle y, 
then A is the vector potential due to unit current in y. 
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In order to use this double form to obtain a proof of the 
existence theorem, we have to study the behaviour of certain 
integrals involving o)j^(x,y) and forms derived from it, in the 
neighbourhood of a point O at which x and y tend to coin- 
cidence. To do this we choose local coordinates {x^, in 

the neighbourhood of 0, such that 

(i) 0 is given by x^ = ... = x„ = 0; 

(ii) the fundamental quadratic form on M reduces to 

{dx^)^ + . . . -f 

at 0, 

We can simplify our calculations considerably by intro- 
ducing an auxiliary double form, which we denote by y), 
defined in the neighbourhood of 0, The form y) is given 
by the formula for (o^{x, y), when r{x, y) is replaced by 

p(:x,y) = 

In performing calculations involving this auxiliary double 
form, we shall evaluate the derived forms (o^{x,y), etc., as if 
the metric was ^(dx'^f‘ everywhere. 

From the definitions of (i)p(x,y) and Ti)p(x,y), it follows 
immediately that the orders of infinity at = /y = 0 of the 
coefficients of the forms 


C 0 p{x, y) - o)^^(x, y) and (i)l[x, y) - (d^ipc, y) 

are (n — 3) and {n — 2) at most, respectively. If we write 

Kp{x,y) = o)%{x,y)-\-{-\.Y-^<j)l^i,J,x,y) 

and Z^(x, y) = w" </) + (- y), 

then Kp{x,y) — Kj,(x,y) is easily seen to have an infinity of 
order {n—\), at most, at x = ^ = 0. It will be proved in § 30-4 
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that Kp(x,y) is identically zero, and hence it will follow that 
the coefficients of y) are finite everywhere. 

Let y be the locus 

xl+..,+xl = a\ 

and S the region x\+ .,.-{-x^^< 

where a is a sufficiently small positive constant. 

From the results stated for the orders of infinity of 

etc., we conclude that ii' u{y) is a regular (p— l)-fonn: 

(I) 

Urn (oy^{x,y)x 'u{y) ^Ihn (ol^i{x,y)xu{y)\ 

(X — J y >0 J y 

(II) 

lim\ 0)%-^{x,y)xu{y) = lim\ ^’i,-i{x,y)xu(tj) ; 

a->oLJ^ Jo; a— >0 L J ^ Ax 

(III) 

lim\ '«*(?/) xw, a;) = lim\ «*(</) x x) ; 

a->oLj^ J X «->0 L J 5 J X 

(IV) 

lim\ \ n*{y)x(,)p..iy(y,x) \ =Um\ \ u*{y)xw,,_^^^(y.x)\ ; 

rt-->0 L J 8 J L J 8 J 

each expression being evaluated when x is at 0, 


30-4. We shall simplify our argument considerably by first 
proving certain residts concerning the forms (i)p(x, y) and then 
evaluating the right-hand members of the equalities written 
above. We begin by proving that K^{x, y) is identically zero. 

By direct calculation we have 

y) = f> ' "(n - 2) S - yO dx‘’ . . . dx‘o+‘ dy^"^' . . . dy^, 
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the summation being over all even derangements (i^, of 
the first n integers, each term only appearing once. Similarly, 

w" y{x, y) = (- I )P-^p-‘< {n -'2){n-p)^ dx >' . . . dx‘>‘dy^>‘+^ . . . dy^ 

+ ( - 1 )P «{» - 2) X ( S [Xk - 2/fe]') 

\iphi / 

X di/» dy^*^ 

+ (_ l)P-ip-«-2^(w_2)s( £ [Xk-yk\dx'] 

X (Xf^ - ) dx^‘ . . . dx^o dy'^+' . . . dy^" 

= {-ly'p ~"(n -‘2 )pYa dx^' . . . dx‘i> dy''f +' . . . dy*'- 
+ ( _ i)/-ip-«-2 n(« - 2) S (2 [% - yj") 

X dx^^ . . . dx^p drfp ^^ ... dy^*^ 

+ ( - 2 n{n - 2) V ( ^ [x^. - ?yj da:* | 

X (a:,-^ — ?/,, ) dx'* . . . dx^f dif ^*'. . . dy*’“ 

= ( - 1 p-“ {n-2)pY^dx'' ... dx‘» di /^ ' ' . . . d>f» 

+ ( - 1 y--^p->’-^n (n - 2) - y/cl dx^^ 

X S (^t. - Vi , ) dx^^ . . . dx^f dt/f" ... dy^ 

Hence Kp{x,y) = 0. 


30-5. We now evaluate the four integrals (I), ..., (IV), 
above. 

(I) To evaluate 

Um\ (d"-i{x,y)xu{y) 

a->0j y 

when X is at 0 , we consider first the case in which 
u(y) = AdyK..d)f>-K 
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Then on y we have 

r = p 

where 

pi'r={~ i^r “ Pr) 

p-1 

+ (-l)r-p 2 (-iy-^{xi-y^)dx^ ...dx^-^ 

t=i 

X dx^ ^^ . . . dx>'~^ dx'. 

Let 

dS = a-i X ( - 1)*“^ (dk - *fc) • • • dy'‘-^ dy'‘+^ . . . dy”' 

k-l 

be the element of volume of y, and denote 

a-«+iJ rfi: 

by a^. The value of is inde])endent of a. Then, since y is a 
sphere, we can put 

dy^ ...dif-^dif^^ ,,.dy*^ = ( - l)'-ia-^(jy,-a;,.)dS, 


and we obtain 

J^w"_i(x,?y)xM(?/) 

= ( _ -i(w_ 2) f ^ S (yr-Xrfda:^ ...dxv -^d'L 

J y V 

+ (_ l)«(;^-i)-ia-/i-i(„_2) I A S (-1)''^' 

Jy i<P 

r>p 

^ (yr - ^r) (yi - *i) dx’’ dL . 

Now since u{y) is regular we see that the error e involved by 
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replacing A by its value at 0 tends to zero when a tends to 
zero. Therefore, 


I w"_i(x, 2 /)xm(i/) 

^ /• » 

= (_l)«(p-u-ia“'*“Hra-2)^o '^{yr-^r)^dx^ 

jyv 

+ (_ 1 )»</>-i)- 1 o-»-i(«_ 2 ) 4 „ f 2 (- 1 )''+' 

J y i<P 
r^p 

^ (j/r ■" *!•) (2/i “ ^i) . . . dx'^~^ dxf dh + e 

= ( _ 1 )»t<P-i)-i (w - 2) ^0 n-^n -p+l)andx^ ...dxi‘-^ + 0 + e 

= (_ 2) (»-;>+ \)ct„[u{x)]j..^Q + e, 

where e tends to zero with a. 

Hence we deduce that for any regular {p— l)-form u, 

limj Ml_i(x,y)xu(y) 

= (- l)a„'M(a:). 

When we consider the other limits listed above, it is suffici- 
ent to consider the case 

u{\j) = Ady^ ^ 

as in the calculation just given. To calculate the second limit, 
we have 


(II) (ol_>^{x,y)>^u(y) 

= ( _ lyn-Dip-i) (jfi _ 2) dy^ . . . dy'^ 

xA^^^i- 1)"-^ - Vi) dx^ dx^ * ^ . . . dx^-^ 

1 

X ^ - 1 Jy (^) 

= ( _ 1 )<»-!) ip-i) dy^... dy^ 

P-1 

X S (-1)^ -1 
1 

X dx^ . . . dx^~^ dx*+^ . . . dx^~^. 


- -- - 


Sy. 


1 dA 
3 «/f 
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.i(x,y)y.u{y) 

— ( iyn--l)(p 


) f S dx^ 

Jy 1 


X dx^^^ . . . dx^* ^ dy^ . . . dy^ ^ dy^^^ . . . dy^^ 

J * iJ-l 

p-n +2 ^ 

8 1 OlJi 

X dx^ . . . dx^^^ dx^^^ . . . dx^~^ dy^ . . . dy^'^ . 


Hence 




2 /) X u{y) 


(_ i)(»-i)(i)-i)(ji. 


■2)J a S (yk — x^)^dx^...dx^~^ 




X dx '^^ . . . dS + e 


= (-!)(« 


"^(/t — 2) (^ — 1 ) a„ dx ^ . . . dx^~^ + e, 


where the terms included in e tend to zero with a. Hence, for 
any regular u, 


litn w"_ 2 (a;, y) x u{y) 

a~> 0 LJ 8 Jix 


( _ lyn -i)ip-^)n~'^{n — 2) {p - \)oi^u{x). 


(HI) We now evaluate 


We consider 


Urn r f u^(y) X (Oj,^(y, a;)1 . 
a->0Lj8 J X 

ii'^(y) = A dyi * . . . difK 
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Then, 

= ( _ 1 )(«-!) p-” ^'^Adx'... dx»-^ dy^... dy'^ 

= ( _ 1 )«<P- 1) i|^ ^ j dx^ di/... dy”^ 

— J / 0 “"+^ X A dx^ . . . dx*‘ dx’‘ dy^ . . . dy'^ 

= (_l)n(p-i)-ir r ^(-i)ic-ip-»+zAdx^...dxP~^dx'‘ 

L.J y p 

X dy^ . . . dy^~ ^ dy ^^^ . . . dy‘^ 


+ (_l)n(p 


since 


a 

dxt. 


n 

p~n ^2 ^ ^^1 dx^-^ dx^ dy^ . . . dy*^ 

S V ^Vk 


Now I I i,{-\f-^p-»+^Adx^ ...dx»'^dx’‘ 

LJ y p 

X dy^ . . . dy^~^ dy^ ^^ ... dy^^ 

LJ yk=p 

X . . . dy^~^ dy^^^ . . . dy'^ 

Ax 

X . . . dx^-^ dx^^^ . . . dx^ dy^ . . . dy^ dy^^ ^ . . . dy^^ 

= (n-2) f dS 

p 

+ ( - 1)^-1 {n-2)\ S (y^ - x^) 

Jy j<P 
k^p 

X dx^ dx^ . . . (Zx*“^ da:*+* . . . dx™ dS 

= n-\n — 2) {n—p-\- \)a,nAQdxv ...dx'^ + e, 


HHI 


0 
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where e tends to zero with a, and Aq is the value of A at 0, by 
reasoning similar to that given before. It is easily shown that 

lim\~ f dx^ ,..dx^^~^dx^dy^ ,..dy^ =0. 

a->oU« ^Vk Jx 

Hence we conclude that for any regular u 

li7n\ I i(?/,a;) I 

a-^oLJs J X 

(IV) Finally, we have 

= { - 1)"-^'+^ J u*{y) X Wj ,_2 (y, X) 

+ xwj, -2 (2/.a^)- 

Hence 

j^J^w*(2/) X y(y, x)J = { - 1)”- ^'+ij u*(y) x W„_^{y, x) + e. 

By a calculation similar to one performed above, we see that 
the right-hand member reduces to 

when a tends to zero. 

31*1. The existence theorem, continued. We now 

show how the calculations of the previous paragraj)!! can be 
used to reduce the proof of the existence theorem to the 
solution of a (certain integral equation, and obtain some results 
which are of im^^ortance in the solution of this equation. 

The first stej) towards constructing a harmonic integral 
V ith assigned periods is to construct a regular closed form A 
whose integral has the given periods. We saw how to do this 
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in Chapter ii. Another regular closed form whose integral has 
the given periods^is given by 

A-Ux, 

where is a (^ — l)-form. Our problem is to find a form u such 
that this is harmonic, that is, we have to solve the equation in u, 

u^x = A^x- 

We have therefore to consider the problem of solving the 
equation 

( 1 ) 

where /^O- 

Let A denote an /i-dimensional chain of M having boundary 
1\ and let u and v be two (p— l)-forms which are regular in a 
domain containing A and 7 ’in its interior. From the equations 

(u'^xv)x = u^x'^^'^{~ 1)"“^’^*^ X 

{V'^ X u)x = X H- ( “ 1)^*^-^^ V^XUx, 


XVx = V'^x Ux 


we obtain the equation 

X X u = \ X V — \ X u, (2) 

J A J A Jr Jr 

Let S and y be defined as in the previous paragraph, and let 

A = M-8, 
r = -y. 

In equation (2) we take v = Remembering that 

when a, the radius of y, tends to zero we can replace y) 

by y) when integrating over y or 8, we have 

y{x, y) X u{y) = x y) 

+ (— l)^v~^^n-\n — 2) {n—p-\- \) ol,^ii{x) 


9-2 
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= y) ^ y) X 




2(x,y)x 



— ( — l)(^i — {p - l)a,^^u{x)-{-7i, 


by (II) of §30-5, where rj tends to zero with a. Combining 
these two results, we have 


Kp-i{x, y) X u{y) - { - 1 )''<'' « {n - 2) a„u{x) 

Jm 

-j^^^Vy)x^p-i(y’^) 

= ( - 1 )" [ 22) ^ ’‘(2/)] + ^ 

= ( - A)” f <(2/) X (Op^2,x{y> (3) 

J M 

where ^ tends to zero with a. Since the other terms in the 
equation are independent of a, ^ = 0. Similarly we have, using 
(III) and (IV) of §30*5, 

u*{y)xKj,_i(y,x) 

J M 

= J^“*(2/) X Kj,_i(y, x) + u*(y) x Kp_i{y, x) 

= Q^«*(2/) X Wp-i(y, a;)J + ( - 1)1’ J^w*(2/) x <(ip_2,y(2/,a;)J 

+J^w*(2/)x A^,_i(y,a;) 

= [ j jj“*(2/) X o)p-x{y, a:)J + ( - I)!- [ J^^i**(2/) x Wj,_2.i/(2/>a;)^ 

+ (— — l)a„tt*(a:) 

+ ( — \ y*^~^^n~\n — 2) (p— 1) a,^u*(x) + ^, 
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where ^ tends to zero with a. Therefore, by a simple calculation, 
we have 


= I u*{y)xK ■^(y,x)-(- 2) ot^u*(x) 

J M 

-(-!)"(* Kiy) ^ ^)- (-t) 

J M 


31-2. From equation (3) we observe that if u(x) is a closed 
form, then 


f J 

J M 




is also a closed form, and that if u{x) is null, then 

Ky-i(x,y)xu{y) 




is also null. Of more importance in what follows is the corre- 
sponding result which can be deduced from equation (4). 
From this equation we see that 





is closed when is closed, and null when u*(x) is null. 


31-3. From equation (3) we see that, if u is any solution of 
(1), u satisfies 


I* K i(x, y) X «(?/)-(- 1 {n-2)a„ u{x) 

J M 

= I fiy) X (^p-iiy, *) + ( - 1)™ <(«/) X w 2 , Ay^ ^)- 

J M JM 


We notice, however, that if u is any solution of (1), so is 
u + where is a (p-2)-form. Now, if we suppose that we 
can solve equation (1) when p is replaced by ^ — 1, and the 
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unknown form is a (p — 2)-form and the second member is a 
null (n— ^ + 2)-form, we can choose v so that 

Rei)lacing uhy u + v^, we can therefore suppose that 

and u is then a solution of the integral equation 
f A' i(x, y) X u{y) - ( - 1 )«<"-!' {n - 2) a„ w(x) 

J M 

= f (5) 

Jji/ 

We shall proceed to solve our existence problem by con- 
sidering the solution of this integral equation. The method will 
be one of induction on \ and in the course of the proof of the 
existence of a harmonic ^>-f()ld integral with assigned periods 
we shall show that equation (1) has a solution whenever / 
is a null (w— ^>4-2)-form. Consequently, it is permissible to 
suppose that 

-> 0 . 

At the same time it should be observed that this assumption 
is not really necessary; we merely solve (5) and deduce from 
the solution obtained a solution of (1), and the above remark 
is made merely to show that the omission of the term 

(- 1 )" 

from (3) has an obvious explanation. 


32* 1 . Digression on the solution of integral equations. 

Equation (5) is equivalent to A = equations in the 

coefficients of the form u. If we write these coefficients in 


some order as 


//i, . . . , il^, 
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the equations are of the form 

tti(a:) + Af K{{x,y)Uj{y)dT^=fi{:x) {i=\,...,N), (A) 

J M 

where the functions K{{x, y) are continuous in xovy except at 
X — y, and in ap})lying the summation convention we sum from 
1 to 'N , The parameter A is introduced for convenience, and 
djy is an element of volume, the suffix y indicating that the 
integration is with respect to the variables (^i, The 

equations (A) form a simultaneous set of Fredholm equations 
of the second kind, and the reader is referred to the standard 
works on integral equations for the solution (see, for instance, 
Hilbert [2] or Kowalewski [O]) . In the present case K{{x,y) 
becomes infinite when x = y, but, since the coefficients of 
[r(x,y)y^'~^ Ki(x,y) are finite everywhere, the necessary and 
sufficient conditions that (A) should have a solution are of the 
same form as if K\(;x,y) was finite everywhere. 

The following are the main facts which we require to know 
concerning the solution of equations (A). 

I. If the j)arameter A has any value which is not a zero of 
a certain integral function D{X), there exists one and only one 
set of continuous functions u^{x) which satisfy (A). The 
functions are all zero if/^(:r) is zero for cacli i. The solutions 
can be written as infinite series in the form 

D{X) Ui{x) = D{X)Ux) + X A-- f Llr^i {X, y) fj(y) dr,. 

1 J M 

The series on the right converges for all finite values of A, 

II. If A = Ai is a zero of D(X), the set of homogeneous 
equations 

+ = ^ (i=l,...,A) (B) 

J M 

has a positive finite number of linearly independent sets of 
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solutions, and moreover the associated set of homogeneous 
equations 

+ v*^y)Kj{y,x)dTy = 0 {i=l,...,N) (C) 

J M 

has the same number of linearly independent sets of solutions. 
The zeros of D(X) are called the characteristic values of the 
parameter in (A). If is a characteristic value of the para- 
meter, equation (A), with A = A^, has a solution if and only if 

f v*^(x)fi(x)dT^ = 0 

J M 

for each set of solutions of the associated equation (C). 

Moreover, if the conditions are satisfied by the functions 
and if 

Wi(a:,A), ..., Uj^r(x,X) 

is the set of solutions of (A) for a general value of the parameter 
near A^, then the limits 

limUi(x,A), ..., limuj^{x,X) 

A— >Ai A— >-At 

exist, and give a set of solutions of (A) with A = A^; and the 
most general solution is obtained by adding an arbitrary 
solution of (B). 


III. The non-homogeneous equations 
v*^(x) + A j ^v>(y) Kj{y, x) dr,, = (f{x) (i = 1 , . . . , JV) 

(D) 

have the same characteristic values as the equation (A). If 
l)[X) # 0, the solution of (D) is given by 

D{X) [w*{x) - g'(:x)\ = A*- 1* g^{y) Ll^j(y, x) dxy, 

1 J M 

and if D(X) = 0, the equation (D) has a solution if and only if 
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for each set of solutions Ui(x) of (B). The other properties, 
stated in (II), of the equation (A) can now be applied to (D). 

IV. In the present case [r(x, K{(Xy y) is a function of 
class (v — 3) of the local coordinates, when regarded as a func- 
tion of X or y. In this case we can say that the solutions of (B) 
are functions of class (v- 3) of the local parameters. 

32‘2. When we express these results in the notation of 
forms, we obtain theorems which will enable us to solve 
equations (1). Along with the equation 

I y) X u{y) - ( - 1 [n- 2 ) a, u(x) 

J M 

= (5) 

J M 

we consider the homogeneous equation 

f = 0 ( 6 ) 

J M 

and also the associated equation 

I (7) 

J M 

where v(x) is a (^- l)-form. Equations (6) and (7) have the 
same number m of linearly independent solutions. If m = 0, 
(5) has a unique solution, whatever the form f(y) may *be. 
If m > 0, (5) has a solution if and only if 

f f fiy) X (t>p-i{y, x) X v*{x) = 0 , ( 8 ) 

J MJ M 

for each solution v'^{x) of (7). 

32-3. We now prove a lemma which will be used later in 
tliis chapter. 

Let us consider the non-homogeneous equation 

A f M*( 2 /) X A' i(//, x) - ( - I )"<*' -»(»- 2) = F{x), 

J M 

( 7 )' 
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where is the form defined in §30-3. We are only 

interested in values of A near A = 1, and we may suppose that 
A is restricted to a domain containing no characteristic value 
of A different from A = 1, which may or may not be character- 
istic. If A = 1 is a characteristic value, we assume that the 
(ti — l)-form F{x) satisfies the conditions for the existence 
of a solution of (7)' when A = 1. 

The unique solution of (7)' for a general value of A is given by 

D{X) [u*(x) - i?’(a:)] = i; A" f F{y) x x). 

I J M 

The series on the right converges for all finite values of A, and 
the integral function D{X) does not vanish for any value of A 
in the domain, other than A = 1. The function vanishes for 
A = I if and only if (6) and (7) have non-zero solutions. 

We saw in § 31*2 that if is closed, then 





(/y. 


is also closed. From the manner in which the forms x) 

are constructed, it can easily be shown that this implies that 





is closed. Hence if F{x) is closed, the solution of (7)' is closed. 

Now let A tend to 1. The solution of (7)' tends to a solution 
of the equation in which A is replaced by 1, and it is easily 
shown that this solution is closed. 

We can now make the following deducjtion. Let u'^{x) be 
any regular form such that 


There exists a solution of (7)' (with A replaced by 1) 

which is closed. Hence u'^{;x) — v'^(x) is either zero or else a 
solution of (7). 
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Since, by §31’2, if u*(x) is a null form, 





we can, by a similar argument, show that \iu^{x) is any regular 
form such that 



X x)-{- {n - 2) a,, ^ 0, 


there exists a null form v'^(x), such that ii'^{x) — v*(x) is either 
zero or a solution of (7). Finally, on account of the last results 
of §32*1, we can say that any solution of the homogeneous 
equation (6) is a form whose coefficients are functions of class 
(?; — 3) of the local parameters. 


33*1. The existence theorem, concluded. Since there 
does not exist a harmonic integral with all its periods zero, 
the number of harmonic integrals of multiplicity p which are 
linearly independent cannot exceed But Rq= 1, and we 
have seen that a constant c is a harmonic integral of multi- 
plicity zero. Therefore the existence theorem is proved in the 
case ^ = 0. We may use induction to establish the result in 
the general case, and for this pur])ose we shall assume the 
truth of the theorem for {p— l)-fold integrals. 

Let us denote by 

the harmonic forms of multiplicity {p— !)• Substitute 
for M in (3). Since 

we see that is a solution of the liomogeneous equation (6). 
Consider any other solution of («) which is closed. Since there 
are independent harmonic (p - 1 )-forms on M, any closed 
( p — 1 )-form is equal to the sum of a harmonic form and a form 
whose integral has zero periods. We may therefore take the 
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set of closed forms which satisfy (6) to be the harmonic forms 
and the forms 

(i = l, 

whose integrals have zero periods. Finally, suppose that there 
are solutions of (6), no linear combination of which is 
closed, and denote them by 

If we substitute for and ijr^iov u{;y) in (3), we obtain the 
equations 

J M 

and f [>p^{y)]»y^(»p^i(y,x)~0, 


and from (4) we conclude that 


J M 

= \.4>\y)]* X <^p-i{y, , (9) 

and 



X x)-(- (n - 2) a,\il/'(x)Y^ 


= 0. 
( 10 ) 


33*2. From the theory of integral equations, we know that 
the associated homogeneous equation (7) has Rp_x + 
independent solutions. From among these we can write down 
at once. For, equation (10) tells us that 

are solutions. Further they are independent; indeed if 

= 0 , 


then 
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would be a harmonic integral without periods and hence it 
would be zero. Therefore 


which is contrary to our hypothesis. Now consider (9), and 
use the lemma of § 32*3. We have solutions 




{i 1 j • . i)j 


of (7), where is a null form. If these solutions are connected 
by a relation 

then 


and hence 



would be a harmonic integral without periods, which is not 
possible. The solutions of (7) which we have found 

are therefore independent. Again, if we substitute for 
w* in (4) we obtain the equation 


f K-i(2/)]* X x)-(- l)»<p-i> {n - 2) a„,[?4-i(^)]* 

J M 

and by an argument similar to that given above we deduce 
the existence of further solutions 

Wp-i-i/S (i=l, 

of (7), and show that these, with the + solutions 
already found, give a complete set of independent solutions 
of (7). It further follows that any solution of (7) which is null 
can be written in the form 


33-3. Before applying the test (8) for the solvability of (5), 
it is convenient at this stage to prove two lemmas. 
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I. If V* is any solution of (7), then 


= v*(y)x(Oj,_i(y,x)-^0. 

J M 


From equation (4), and the fact that i;* is a solution of (7), 
we have 


= ( - 1)”“^ f <(«/) X Oip-iiy, X) , 

M _ 


and hence 


Therefore 




is a harmonic integral with all its periods zero, and so 


= 0 . 


Therefore 


is a harmonic integral, and all its periods are zero; hence 




11. The most general solution v* of 


Ji;*(;y) X x)^0 

which is null is given by 

V* = 

By (4) it follows that v* is a null form which satisfies (7), 
and hence 

V* = 

33-4. Equation (5) will have a solution if and only if 
f f fin) X x) X v*{x) = 0 

J M J M 

for each solution v* of (7). By Lemma I we know that 


J u 
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/~ 0 . 

Let uhedi, solution. From (3), we have 

f K(2/) X ^ii-i(2/» ~ 

J M 

and 

Hence, by Lemma II, we have 

where the coefficients are constants. Hence, if 

U = u-a^it', 

Therefore ~ 

is a harmonic integral with the assigned periods. In order that 
this harmonic form should be regular U must be of class 
^ — 3^3, i.e. 

We have thus established our existence theorem lor a 
general value of We have seen in the course of the proot that 
a harmonic p-form satisfies the equation 

f K (x, y) X u(ij) - ( - 1 (^ - 2) a,, u[x) = 0. 

J M 

If we now refer to the results quoted in §32-2 regarding 
integral equations, conclude that the coefficients of a 
harmonic form are functions of class i; — 3 of the local para- 
meters. If V — ( 0 , that is, if the manifold is analytic, and it 
is possible to introduce an analytic distance function, the 
coefficients of a harmonic form are analytic. 

34. De Rham’s second theorem. It should be observed 
that in the proof of the existence of a 2 >-fold harmonic integral, 
we did not make any use of the theorem that a closed form 
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whose integral has all its periods zero is a null form. We are 
now in a position to deduce this theorem. 

On any manifold M of class m ^ 7 we can, as we have seen, 
introduce a metric of finite class t) = 6. Suppose this is done, 
and let 

be the integral of a closed form which has all its periods zero. 
Then, by the result of §33*4, there exists a closed form JJ 
such that 

is a harmonic integral. But since this integral has no periods, 
and hence ^ is a null form. 

35. The equations satisfied by a harmonic tensor. 

If Jp is a harmonic integral, where 

P = —Pi, i dx ‘‘ . . . dx^'”, 

we say that the tensor Pi, is a harmonic tensor. Let us now 

consider the di&’erential equations satisfied by a harmonic 
tensor. The condition 

P -^0 

is ecjuivalent to 

y i-i)’"-! - p. . . -- 0 

in any coordinate system. Consider, in particular, a coordinate 
system (y^, geodesic at a point 0. At 0 we have 
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and lienee the condition at 0 is given by 

that is, = 0. 

Hence in any coordinate system 

= (^1) 

Conversely if (11) is satisfied at all points of M, we have, at 
any point 0, 

;>4-l 0 

V ^ _ 1 \r-l _ p __ A 

r^i dyi^ 

in geodesic coordinates at 0, and hence in all coordinate 
systems. Hence (11) is tiie necessary and sufficient condition 
that 

P >{), 

Again, we have similarly as the condition that P* should he 
closed, 

li...ln-p + i -pfJn—p hi ’ 

that is, 

that is, 

vj/ ^k,...k,u...in-p i : • •• u~p 

Since [g^^] is a non-singular matrix, we may rejilacc this last 
equation by the equation obtained by multiplying it by 

yjg ' ' . . . (J^-P+ > P 1 . 

We obtain the equation 


...r 


in-p hi 


gdn—p+iH ^ g(hi-p \ i jn-p^i 
11 HI 
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We now expand the determinant in terms of the last column, 
and use Jacobi’s theorem that 



gT\ ftn ~p 


^ rn—p\ xSn—p \-\ 

* ^Tn-p^ i8n 

fjTn--p^X 

(jrn-piin-p\ 

1 

1 _p 1 1 

*• ^rnSn 1 


where (r^ and (6’i, are like derangements of the 

first n integers. We have, save for a non-zero numerical factor, 


i.o. 




( 12 ) 


This equation could also have been obtained by using geodesic 
coordinates. The conditions that is a harmonic integral 

can therefore be taken as.(l I) and (12). 
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Chapter IV 

APPLICATIONS TO ALGEBRAIC VARIETIES 

In this chapter we make use of the results obtained in 
previous cliapters to investigate properties of algebraic 
varieties. We first show how to construct a set of Riemannian 
manifolds corresponding to an algebraic variety of m 
complex dimensions, and then proceed to investigate the 
properties of the harmonic integrals on one of these manifolds. 
The metric on the manifold has certain special properties 
which enable us to make a classification of the harmonic 
integrals of multi])licity p into a number of sets. This classifica- 
tion is closely related to the classification of ^-cycles of the 
manifold due to Lefschetz. It appears that, for each value of 
p not exceeding m, there is a special linear sub-set of the 
harmonic p-fold integrals, containing — linearly in- 
dependent integrals. We call the integrals of this sub-set the 
effective j;-fold integrals, and show that all the important 
properties of the harmonic integrals on the manifold can be 
expressed as properties of the effective integrals. 

The results we arrive at can be ex])ressc(l most simply wlicn 
we make use of comjffex parameters on 1^^, and 

take parameters on the Riemannian 

manifold, where is the conjugate imaginary of 2 ;/^. When we 
do this, we find that we can classify the — effective 
^-fold integrals into (j^+l) classes. The integrals of the 
{k -f I )th class can be written in the form 

iAf : ^ dz^^ . . . dz^p -^ dz'^'- . . . d'Z^^, 

where the summations are from 1 to and the integrals of 
the (p — /»;-hl)th set are the conjugate imaginaries of the 
integrals of the (A:+l)th set. The first set consists of the 


0-2 
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algebraic integrals of the first kind of multiplicity jp associated 
with 1^^, but the second, ^th sets depend on the particular 
Riemanniaii manifold associated with which we have con- 
sidered. It is shown, however, that the number of integrals 
in each set, and the period matrices of the integrals of each set, 
are relative birational invariants of the variety We then 
show how a number of geometrical properties of can be 
expressed as properties of these invariant matrices. 

36. Algebraic varieties. It is well known that, given 
any irreducible curve ( 4 , tliere is associated with it a real 
analytic manifold M of two dimensions, which we call its 
Riemann surface. This manifold is not a Riemannian manifold, 
since it does not carry a metric, but, as we shall see later, it is 
possible to attach to if a Riemannian metric so that the 
harmonic integrals defined by this metric on M are well- 
known invariants connected with the Riemann surface. We 
wish to generalise the idea of a Riemann surface, and to 
associate with any irreducible algebraic variety of m 
dimensions a real analytic Riemannian manifold of 2m 
dimensions. We sliall then study the harmonic integrals on 
this manifold. 

If lies in the projective space of A: dimensions, we shall 
show in the next paragraph how we can construct the Riemann- 
ian manifold R which is to be associated with S,,. In R there 
is an analytic locus M of 2m dimensions representing the 
points of which lie on t7,„. Now, if has no multiple points, 
we can show that M is a Riemannian manifold, provided we 
define a metric on it, and this we can do by using the metric 
on R. It is this manifold M which we shall take to be the 
Riemannian manifold associated with and we shall see 
that, in the case m = I, M is, essentially, the Riemann surface 
of f/jL as defined in textbooks on algebraic functions (cf. the 
remarks in § 1). But if has multiple points, M will have 
singular points, and in general it does not conform to the 
reniiirements of a Riemannian manifold. There is a well- 
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known way of getting over this difficulty when m = 1, but 
this does not help us much in considering general values of m. 
We must therefore consider how we sliould proceed in the case 
in which has multiple points. We might try to extend the 
idea of a Riemannian manifold to allow the presence of 
singular points, and try to extend the results of previous 
chapters to the more extended type of manifold, but it can be 
readily seen that this would lead to serious com])lications, and 
indeed this method seems impracticable. 

The alternative is to try to eliminate tlie multiple points 
of by means of a birational transformation. It is known that 

an irreducible curve, or surface, can be birationally trans- 
formed into a curve, or surface, without singular points. The 
theorem that an algebraic variety > 2) can be trans- 

formed birationaU\ into a variety lying in a space of r 
dimensions, which has no multiple points, has not yet been 
])roved satisfactorily, but there are many reasons for believing 
that it is true. The procedure we shall ado[)t in this chapter 
will be to assume the truth of this theorem, and replace 
by and take M to be the Riemannian manifold of con- 
structed as we have indicated. It will be noticed that in Fact 
what we are doing is to confine our considerations, in the cases 
m > 2, to \"aricties 17,,, which can be transformed into varieties 

without multiple ])oints. 

When > 1 , there is a further complication to be taken into 
account. Two algebraic varieties 1^„, K',, eac;h without multiple 
points, may be in birational correspondence, and yet not be 
in (1-1) correspondence without exception, for certain points 
of one may (?orres])ond to algebraic loci of dimension greater 
than zero on the other. The manifolds M, M\ which correspond 
respectively, are therefore not necessarily homeo- 
morphic, and hence we can obtain from the original variety 
different manifolds M which are not homeomorphic. The 
results which we obtain by means of harmonic integrals con- 
sidered on M will not necessarily be the same as those obtained 
by considering ilf', and hence the invariants which we obtain 
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are at most “relative” invariants, that is, they are common 
only to varieties obtainable from one another by birational 
transformations in which there are no exceptional elements. 

We must also make it clear that the metric which we intro- 
duce on M is not uniquely fixed by the representation of 
by a variety without multi])le points, even when we confine 
ourselves to a class of varieties w’hich are in ( 1- 1 ) correspon- 

dence without exception. Thus, it would seem that by the in- 
troduction of harmonic integrals we should arrive at characters 
of which are not even relative invariants. However, it will 
be shown that, from the results which we arrive at by the use 
of harmonic integrals, we can extract certain properties which 
do not depend on the metric, but are birationally invariant 
properties of relative to the system of prime sections of 1^^. 
By a proper system on we shall understand any continuous 
system of varieties of m — 1 dimensions on containing a 
linear system without base elements which can be used to 
represent projectively as a variety without multiple points. 
We thus obtain invariants of relative to each proper system. 
The importance of invariants relative to a proper system lies 
in the fact that the classification of the cycles of M, due to 
Lefschetz[7], is also birationally invariant relative to a pro- 
per system, and one of the main objects of this chapter is to 
obtain a parallelism between the results obtained by means 
of harmonic integrals and Lefschetz’s classification of cycles. 

37*1. Construction of the Riemannian manifold. Let 

us consider an irreducible algebraic variety of m dimensions, 
without multiple ])oints, lying in a ])rojective space of r 
dimensions. We shall construct Riemannian manifolds R 
corres])onding to aS,., and M corresponding to A very con- 
venient method of ref)resenting the j)oints of S^. by the points 
of a real analytic locus of 2r dimensions has been given by 
Mannoury [ 9 ]. 

Let (^o, ..., 2 ;^) be a set of complex homogeneous coordinates 
in S^, Since only the ratios of the coordinates of a point are 
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determined, we can, without loss of generality, suppose that 
the coordinates of each point are subject to the condition 

2020+...+ 2,2, = 1, (1) 

where 2 ;^ and 2 ^ are conjugate complex numbers. Let 

= = (h^k) be rectangular cartesian co- 

ordinates in a Euclidean space E of (r-f 1)^ dimensions, and 
consider the locus R defined in E by the equations 

Xh ~ 1 

^hk — j (^) 

Yhk = ii^hh-^h^k)J 

Avhere i is a square root of — 1 . ii is a real locus. Moreover, since 

tn m tn 

I. XI + S Xi^ + 2 = 2 s zpu 4 s 

/<,/c=0 Kk^O h hi^k 

h^k 



= 2, 


the locus is finite. If P is any point of /S,, and (2o, ..., 2 ,) are 
coordinates of P satisfying (1), the most general coordinates 
of P which satisfy (1) are (e^’%, where 6 is real. 

But, since 

'"4) = V2z/,4> 

*[{e’%)(c~’"4)-(e“*^4)(«*®4)J = *(44-44). 

there is a unique point on It corresponding to each point of 8^. 
Conversely, if (z^, and (Zq, ..., 2 ') both satisfy (1), and 

determine the same point on R. we have 

_ ^hk'Z_^Ypk _ 

^k ^k ^k 

and hence eacli point of R corresponds to a unique point of 
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R is therefore of 2r dimensions. In R there is a locus M which 
is in (1-1) corres})ondence with tlie points of 8^. on 1^; M is of 
2m dimensions. We shall prove that R and M are Riemannian 
manifolds. Since 8^ can itself be regarded as a special case of 
a variety without multiple i)oints lying in 8j., it will be sufficient 
if we ])rove the result for M. 

37*2. 7^/ is a locus in E defined by a finite number of analytic 
equations. Wc first show that it has no singular j)oints. Since 
is an algebraic variety without singular points, we can 
express the neighbourhood of any point of it parametrically, 
as follows: 

P^h =//,(«!■ •••>«,„), 

where the Jacobian matrix of the functions is 
of* rank m. If we write 

= Xf^ -f- 

and substitute in ( I ), we can determine an analytic function/), 
different from zero, so that ( 1 ) is satisfied. Substituting in (2), 
we obtain an ex})!*ession for M in terms of ])arameters 
...,.^ 2 ,,,). The Jacobian matrix is of rank 2m, and hence M 
has no singular j)oints. M is therefore a manifold of class oj, 
as defined in Chapter i. 

To prove that M is orientable, we consider the set of all 
coordinate systems on it obtained from local complex ])ara- 
meters on as (.r^ . . ., ^ 2 w) obtained from (?/i, . . . , above. 

Let (Wj, and be two systems of complex 

])arameters on which are valid in the same domain. If 

■It,, = x„ + Lc,„,,, 

•'ind v'l, = .4 + i:r'„+^ (h=l,...,m), 

(.Tp ...,:r 2 ,,,) and (;rj, are local coordinate systems on M 

valid in the same domain. In this domain we have 

^'h+i^'m+h = + + (*= 1 . 
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and the Cauchy -Riemann equations are 
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Write 


dx’j, ^ 

34 


(h,k=\, 




Then the Jacobian matrix of tlie transformation of the 
parameters is 

IdxW l2i -b\ 


4\ _/a -b\ 
x/~\b a/’ 


and is non-singular. 

Now if is the unit matrix of m rows and columns, 

/a -b\p„, il,„\ /a-/b i(a + ib)\ 

\b I„, / \j(a-jb) a + tb / 


V%H I,H h 0 a + ih) 




j = 2 "' ^ 0 , 


we have 


= I a -f- /b II a - '/b I = > 0, 


where N is the modulus of the Jacobian | 


. The coordinate 


systems on M obtained from the complex parameters on 
therefore form sets serving to orient M, as in § 4. Moreover, 
since is irreducible, M is connected. 

M is therefore an analytic orieutable manifold. To make it 
a Riemannian manifold we must introduce a metric. Since M 
is a locus in the Buclidean space E, given locally by the 
analytic equations 

~ fh(^V 

^fik — fhki^V ••*J^2m)» 
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we can define the metric g^jdx^dx^ by the equations 

_ y I V ^fhk^fhk . y ^fhk hk 

k^odx^dxj h,t=o dx^ dxj h,k^o^^i 

h-^k hj^k 

It may be observed that, in ])roving the existence theorem for 
iiarmonic integrals on M, we may take the distance function 
r(x, y) to be the Eu(;lidean distance in E between the points 
of M. Then r{x, y) is an analytic function, and the harmonic 
tensors on M have analytic components. It is also to be 
remembered that the metric on M depends on the representa- 
tion of as a variety in and on the homogeneous coordinates 
used in so that the harmonic integrals depend on these 
considerations. Tliis objection will, liowever, be removed later. 

37*3. In the case m = 1, if is, essentially, the Riemann 
surface of Let T denote the Riemann surface of V^, con- 
structed in the usual manner. If P is any place on T and 
^ = GT + ir is the local comidex parameter at P on T, we may 
take = t. Then M is given by the analytic equations 

=fl,io-,T), 

^hk — 

^'hk = 9hk(<^^'r), 

where the matrix 


^fh 

%k 

^9hk 

d(T 

d(T 

da 

% 

^Vhk 


■ dr 

OT 

0T ^ 


is of rank two. M is therefore analytically homeomorphic to T, 
Moreover, as we shall see below, the metric is of the form 
X[d(r--{-dT^]. Hence the Riemann surface defined by the 
Riemanniaii manifold, as in § 1, is the Riemann surface of 
the curve 1^. 

38*1. Discussion of the metric. We now examine the 
metrics which we have defined on R and if. We begin with K, 
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Let (Zfl, and (^o, be two points of S^, whose co- 

ordinates satisfy ( 1 ) . The distance p between the corresponding 
points of E is given by 

h h^k 

- S (Zhh - H 2fc -^hlk + lh(,k? 

h=^k 

= 2 s {zhZ„ + (z^z^ - Q (z^z, - 4 Q 

h h-^-k 

h h h 

4- 4 S ZfcZf. + 4 2 “ 4 S Ch S ^k^k] 

h^k h^k h k^h 

= 2[S z,z,r + 2[S - 4E 2,4] LS ZkU 

h h h h 

= 4[l-|Sz,4l^]. 

h 

Let us suppose that Zq and are both different from zero, 
and introduce non-homogeneous coordinates 



Write = X, + ix,.+„ = 4 -f *4+,. 

^0 bo 

If we are given the non-homogeneous coordinates of the points, 
we can determine homogeneous coordinates which satisfy ( 1 ) 
by writing 

2o = ^o. z^ = Zo{x^ + ix^+^), 
and 4 = 4, 4 = UU + i^r,kh 

where Zq and are real and positive, and satisfy 
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^.2 = 4 J 


I S + i^r+h) (L - i^r+h) + 1 

;/l=l 

r “ 2 r n r 2 r n 


L ~ j 

[i+sxij[i+xaj^ 1 /\ 1 / 


[i+|:4][i+|&!] 


^^4* |^(^Abri-7i ^V+A^a)| 

'2 Ll hM=l 

"J 

jil-i Sr t-/< ^r+h S^)| J 


where, in the summation over h, Ic, each ])air is counted once. 

Let us now suppose that the ])oints are near together, and 
write 

To tlie second order of small quantities, the distance p = ds is 
given by 


[i+^b^q 


where 

^lij ~ Vr+jrl-j “ 








(3) 

■iSij 

1 

]■' 

{hj<r), 

>/r+U = 

[.+|s] 

{i,j<r). 
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There is a convenient rule for expressing these formulae for 
Let us suppose that is defined for all integral values of 
the suffix i, in terms of formula 

^2r+i ~ ~ Si* 

If we define a function ijf by the equation 


\lf = log 



we find that = 

for all values of i, j. 


02 ^ 02 ^ 


38*2. We have now found tlie form of the metric on li in 
a particular set of local j)arameters. Let us make a trans- 
formation of the complex parameters on 8^,, say, 


Defining g-, for all values of the suffix, by the equations 


_ iT' 

S2r+i bi? 


we can write the Cauchy-Riemann equations in the form 


Then 


da da,, 


(h,k=\,...,2r). 


^ da da _ fjr da da ^ 

^'^da da dadi] da dt,Ba;Mr^j da da 

_ a^, a^. ay/ dg^, dg^j 

dada da da dUMr^j 9^;+/. da,^ 

d^i/r dijf 

= da~da~da diWk^da^iMVr'fa do^M^, 

^dOMk^dlOMT'k 
d% d% 

dada^da^ndiUu 


since 


= 0. 
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In applying the summation convention, we have of course 
summed for i, j, etc., from 1 to 2r. 

In the new system of coordinates the metric is 

therefore given by 

In particular, if we take new uon-hoinogeneous coordinates to 
be I ^1 in the metric is given by this formula. We 

\^i ^1/ 

might, however, have begun with this system of non-homo - 
geneous (M)ordinates, and we should then have obtained 


where 


, _ 0V' 


= ^-log(gt + ."?|.i)- 


This emphasises the fact that ^ is not unique. We can, indeed, 
modify ^ by the addition of any function 0 which satisfies 
the e(|uations 




(i, j = 1 


2r). 


In particular, we see that in the neighbourhood of any given 
point of K we can modify (!/ so that it is analytic in the neigh- 
bourhood. 


3S-3. We can now consider the metric on M, which is a 
sub-manifold of R, Let 1^,, be given locally by the parametric 
equations 

iu + ' b, I A = //, (.*•1 + 1 .r„,+„ . . . , j:,,, + i {h=l,...,r), 

and now define .Vf, for all integral values of the suffix h by the 
cipiations 

•^’2/«+A ~ “"‘Lr 
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Just as when we considered the transformation of local 
coordinates in S^, so we now prove that the metric on M is 
given by 


where 


(Jij 


dx-dxj dx,„+idx,„+j 


(4) 


The metric on M will have this form whenever the local 
coordinates on M are deduced from the com[)lex {)araineters 
on in the way we have done above. In this chapter we shall 
not have to consider })arametric systems on obtained in any 
other way, and Ave may restrict the systems of allowable 
coordinates to systems like where (^i + 

+ are complex parameters on For these restricted 
systems of allowable coordinates we shall ])rove certain 
theorems which are not true for general coordinate systems 
obtained by analytic transformations. Since we shall not 
usually state explicitly that the theorems only hold for the 
restricted systems of cooidinates, we must warn the reader 
not to a[)ply the results of this chapter to more general 
coordinate systems on if. In the present chapter it is to bo 
understood that the term “allowable coordinate systems” is 
to be inter|)reted in the restricted sense. We observe that when 
m = 1, the metric in our alloAvable coordinate system is always 
of the form A [{dx^y^ (dx^)^], and hence the Riemann surface 

determined from the manifold, as in § 1 , is the Riemann 
surface of 1^. 

We shall refer to the Riemannian manifold M which we have 
constructed as an algebraic 7tia7iifold. 


: 191 . The affine connection and curvature tensor. A 

Riemannian s])ace if in which the metric is given by (4) has 
some special ])roperties which are of interest; they will play 
an im])ortant part in our later investigations. 

We first show that at any ])oint of if we can find an allowable 
coordinate system of tlie restricted type which is geodesic. 



160 


ALGEBRAIC VARIETIES 


[IV, 39-1 

Let (Zq, and {Zq, ...,5^) be two systems of homogeneous 

coordinates in Sj., Using either of tliese systems, we can follow 
the process of § 37 to construct a Riemannian manifold of Sj. 
(and hence of V^), and the two Riemannian manifolds will be 
congruent if and only if 

\ziz^+...+zX\ = \Snio+---+KKl 

where (Zq,...,z^), (^Jq, ..., 2 :') are the coordinates (satisfying 
(1)) of two points of Sj. referred to the first coordinate system, 
and (Zq, ...,Zj.), (Zq,...,z'^) are the coordinates (also satisfying 
(1)) of tlie same two points referred to the second coordinate 
system. Now, if the transformation between the coordinate 
systems is 

2/, = (h = 0,...,r), 

k-- 0 

the necessary and sufficient condition that the manifolds are 
congruent is 

I ^ 0^0 ■f' • • • “h i ~ I ^ "h • • • Zl ^^'rU^rk^h I • 

h,k h,k 

Hence we obtain the conditions 

i 

in particular, if a = {a,,^) is a unitary matrix, that is, if 

a'a = I, 

the condition is satisfied. When the Riemannian manifolds 
are congruent, they are clearly equivalent for all our purposes. 
We now construct a manifold M equivalent to M on which we 
can find a coordinate system which is geodesic at the point 
corre8])onding to a given ])oint P of 

Lot P be the ])oint (ao, ...,a^) in the coordinate system 
(Zo, ...,Zr), where 

+a,.cx,j. = ], 
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and let the tangent space to at P be given by the equations 


Let 

where 

that is, 

Next let 
where 

and 


S/fyZ, = 0 (i = l,...,r-w). 
7ii = 

AiAiSA.Ai = 1. 

i 

Srifrif = 1- 

i 

72i = ^2(fin+/hi7u)> 

HAfTw+Zizi = 0, 

i 

+ fhi7u)02i+Hi7u) = 1 . 


that is 2l72t72i=l> S 72 f 7 ii = 0. 

i i 

Proceeding in this way, we can replace the equations of the 
tangent S 2 )ace to at P by the equations 

j 

where Il7*y7« = ^i'> (A,^= 1, 

j 

S7Ajaj = 0 (/i=l,...,r-TO). 

3 

Now consider the matrix L given by 

^ = K 7l0 - 7r-mo\ • 

W 7lr ••• 7m-rrl 

We can add to the right of this matrix m further columns so 
that the resulting matrix a is unitary. Then consider the new 
system of coordinates (Zq, ..., 2 ^) given by 


k 

In this coordinate system, P is tlie point (1, 0, ..., 0) and the 
tangent space is 


Hill 


Z/, = 0 (A=l, 


II 
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Using the coordinate system (Zg, we construct the 

Ricmannian manifold M of where M is equivalent to M. 
The function ^ can be taken as 


ijr = log 




+ 


^0^0- 


In the neighbourhood of P, ^ is given by 

\ ^0 ^ 0 / 

where the functions on the right are power series beginning 
with terms of the second degree. Take 


as the local j)arameters on V,^. 'fhen 

t ‘2wi "1 

i + i S4+eJ, 

where e is a power series beginning with terms of tJie fourth 
degree. If we now calculate by (4), and then calculate P]*,, 
we find that at P 

The coordinates arc therefore geodesic on M. But, since M is 
equivalent to M, it follows that there exist on M restricted 
allowable coordinates which are geodesic at a given point. 


39-2. In the formulae which we now give for the differen- 
tial invariants of M we find it convenient to allow the indices 
in components to take all integral values, with the condition 
that the addition or subtraction of 2m to or from one index of 
a component ehanges the sign of this component. Thus, for 
example, 

Oiim+j ^ip 

r<2,m \ i ri 

^ jk - jk- 

It is to be understood, of course, that in applying the sum- 
mation convention, the summation takes place from 1 to 2m. 
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Let be any tensor of weight W, and let 

_ nih--Jr-\ni + jrjr+x--Jq 

ix ip‘ 

Consider an allowable transformation of coordinates to a new 
system (^i, ...,^ 2 w)* Then . 


dx. 


dx. 


a*,, ax..- 0a:. 


Sxi 


\dXi_ 

dx. 


Hp ^^bx 

dr dx 

rpbx.^.br-xmVhrbr\x.‘>b^ 


'^"'^'dXi "'dx. 


nH br ^^br+i 


dx^ 


dx,,/"dx(,^_^dx, 


rrijf-jr-i ni+jrjr+i--‘iq 
ix ip * 


dx, 

Jj 

'dxh. 


Hence from we can define a new tensor by increasing 

one of the contravariant indices by w. There will be no con- 
fusion if we denote the tensor by 

Thus, in the case m = I, if is a tensor whose components 
in an allowable system of coordinates are 

Til = a, = b, = c, T22 = d, 

'I'm+ij has components in this system of coordinates given 

by 

ywi+ll _ rpm+12 — ym+21 _ 

A similar result can be proved for the co variant indices, and, 
clearly, further tensors can be obtained by apjdying the 
process to more than one index. We notice that, on account 
of (4), skew-symmetric tensors. 


39-3. Now let us consider the Christoffel symbols. We have 

~ ija m+j w-f « ^ m^-ij m+a ^ m+i m+y a\ > 

where we have written 
/ 

dx^dx^dxj^' 


II-2 
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Then, 

— ^im+i 

m+a ^ m+im+i ^ ija'^ ^ i m+i m+a] 

~ ija m+j m+a ^ m+i j m+a ^ m+i m+j a] 

— — pm+k 

^ ij • 

These results enable us to express the covariant derivative 
of a tensor in terms of the co- 
variant derivative of For convenience we shall con- 

aider the case r = 1 . If *• is the tensor obtained from 

increasing the first contravariant suffix by m, 

we have 




mm+Uji...jq __ qajt.p.jq pji __ maj2...jq pm+ji 
-*■ ix ip^k ^ix ip-^ Oik ^ ix ip^ ak 

_ mm+ajt...jq pjx , mocji..Jq pjx 

~~ ix ip-*- otk'^ii ip^ m+ a k 

— rpaji...jq pjx , mccj2..Jq pix 

■“ ■*- ix ip ■* m+a k'-* ix ip ■* m+a k 

= 0 . 


A similar proof holds where a co variant index of ' is 
increased by m. By a repetition of the argument, we see that 
if is a tensor obtained by increasing any set of the 

indices of by m, 


(r/iJx..Jq\:l^ _ (ph^ -jg ^ 

V ^ kxfk^f’ ' . . .?p, Aui, A*2, . . . / > 


or, in other words, the operation of increasing an index by m 
is commutative with the operation of covariant differentiation. 


39*4. Finally, certain properties of the tensors obtained 
by increasing some of the indices of the curvature tensor by m 
must be proved now, since they will be required later. 

We may use allowable coordinates which are geodesic. 
Then for the Riemann-Christoffel tensor we have 

^ijkl ^ m+i j m+k ^ i m+i k m+l ^ m+i jk m+l ^i m+j m+k /] • 
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Therefore we find immediately that 

^m+i jkl = — m+i kl- 

But we have seen that Rij^n+ku tensors. Hence these 

equations will hold in all allowable coordinate systems. 
Similarly, we have 

m+kl ““ 9 Rijm+kl “ 9^^Rijkm^l ^ ^jkm-\-h 

and 

ndi 7? 

y ^^mHjkl 
— ~y^^^im^-jkl 

40. Harmonic integrals on an algebraic manifold. 

We have now found all the properties of the differential 
geometry of a manifold M with a metric given by (4) § 38*3 
which we sliall require. Our purpose is to use these ])roperties 
in order to derive properties of harmonic integrals associated 
with this metric, with the object of obtaining invariants of 
an algebraic variety of geometrical interest. We shall show 
that tlie harmonic integrals of multiplicity p on an algebraic 
manifold can be analysed into a number of sets in a signifi- 
cant way, and as a first ste]) towards this we prove two 
preliminary theorems on harmonic tensors on an algebraic 
manifold. 


Theorem I. If is a harmonic tensor, then 
f) . — r/'* P . 

is also a harmonic tensor, or else it is zero. 

To prove this, let 

tj-i 

r= 1 

23 + 1 

Since = 




we have 
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Now = 

Also, 

= - i Brsj + 

- 2gii<f '»+••< PrU...i,^,,i,n...i,-.i Ptsj- 


riiis is proved by changing the order of covariant difierentia- 
tion and using the fact that is harmonic (§ 35). Now 

ftiifirm+s p . . .B^ = P . 

u J rsj .7 7 


T>Ct 

— P R°^ 

7 7 ^ ctii.., ip-iT s 

— _ (fSfjii P . . pa 

7 7 ^a,ti,..ip. 2 r^ tm+sj 

= -g^-'+Y>Pri....,,-,aP%r 

Also = (/^‘‘PUhs = fY^Phn+sj- 

Hence is symmetrical in r and i. Since 

jp 

is skew-symmetric in r and i, we conclude that 
9'^ 

and hence L — - — \ , L. . , 


is harmonic. But L is a null form, and hence, by § 29, it must 
be zero. Hence 

^ == (p - 2)1 ^ ^• 

Also, g^’Qu...,-, = !/’V'"+*^rs, 

since is harmonic. The theorem is therefore proved. 

Corollary, Incidentally we have proved that if is 

harmonic, 
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Theorem II. If fiurmonic, so is 

Qif.ip ~ Pm+ii...m+ip- 


Let 

Then 

and 


P+i 




P+2 






f.i. . . Ir-i 7 Vli • L<r«J 




i rtl+l'r i i 


. . in+ir-t i m-\-ir ; i . . . m+ip, ir, m+j 

1 

P 

— ( ■” 0^^ X < m+iV 1 l-ip,;, m+iV 

1 

..l/<d-7r i-Jp m+irj 


P 

+ ( — 1)^ “^ Yi 0^^ HV-1 < /«-i Ir 1 i-i...//i4ip 

r,.‘?=l V R/^ 

r-^s ^ 7n-yigm \ irj 

V 

+ ( ~ 1 il J7^^^//l+la..,m+1r-i I /Il+/rfi---»n4-'p, m \-jJr 
\ 

V 




m+ii...ii}+ir-ia III HiVi i-'-wJ+ip ' iirtii+d 




P 

"f" ( 1)^^ ^ ^ ^ Pl71-\-ii...in \ ir 1 t//l+?r i i.../ll+t*-i^ 7/I.+1* M-.m+lp 

r,.s=l 
r+s 


y. RP ^ 

^ ^ 7n+lgtr Pl \ )' 


The first term vanishes since is harmonic, and tlie 

fourth vanishes on account of the corollary to Theorem I. 
The remaining terms cancel, since 


Therefore the form 


R^ — — R^ 

m+rj ^ 
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is harmonic. But L is a null form, and therefore, by § 29, it 
must be zero. Hence 

p+i 

9 1 r,8 ~ 9 ^m+ii...7ti+ip-im+r,s 

— ^nm+rs p 

~~ u ^ m+ii...m+tp-ir,8 

_ ^rm+« p 

if m+ii-.-m+ip-i r,8 

-=0, 

on account of the corollary to Theorem I. Hence is a 

harmonic tensor. 

41* 1. The fundamental forms. The Riemannian mani- 
fold R has the Betti numberst 

R^ = = ... = = 1 , 

Ri — R\i = ••• = 

If is a linear ^-space in S^,, there corresponds to it on R a 
2^-cycle which we denote by J\f, Now, -Tgif Riemannian 
manifold of Si, and we orient it in the usual way, by means of 
complex parameters on Si. The following two pro^^erties hold: 

(i) if is any 2^-cycle on R, 

V' ^ p 

where A is an integer; 

(ii) = 

The metric on R is given, in the notation of § 38-1 , equation 
(3), by 7]fjd^>d^i. 

There exists one harmonic p-fold integral for each even value 
of p (0 ^ p ^ 2f ). We now wish to determine these. We must, of 
course, remember that we are on R, and hence, in applying the 
results of §39, we must replace m by r, and determine the 

t The statements concerning the topology of algebraic manifolds are 
quoted from the results obtained by Lef8chetz[7], due attention being paid to 
the differences in the convention of orientation. 
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affine connection from (3) instead of (4). Now is a skew- 
symmetric absolute tensor and 


Hence 

and 

Therefore, 


Vr+ij,k — 

Vr+jk,i'^ Vr+ki,j~^Vr+ij,k ~ 
V^^Vr+ij.k = 

>^1 = ^Vr+ijdi^d^' 


is a harmonic 2-forni. In the same way, we show that 

^»2 = X 1^3 = X 1^2, •••, = ^r-l 


are harmonic forms of multiplicity 4, 6, 2r respectively. 

The period of the integral of Vi on 7 2 calculated by 

defining to be 


Then 



_ r 


= 477 '. 


In the same way we can show that 





It is easily verified that 

The forms define forms on the manifold M contained 

in R. Let us consider Vi- This defines the form 


Pij Vr-\-hk 


dXi dXj 


where 
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(where, applying the summation convention, we sum from 1 
to 2r). But, since 

^^m+i 

we obtain 

that is. Ml = 

Similarly, o)^ — x v\, ..., x w,„_i 


are forms on M, and as we proved that Vi, are harmonic 
on R, so we can now pi’ove that Wj, ...,m^ are harmonic on M . 
We sliall call them the fundamental forms on M . 


41-2. Now let jPg/ be any cycle on M; it is also a (tycle on 
R, and on R we have 

where A = ( - !)'<'■-'> (/’g, . I\(r ;))• 

But 

f f ., = A f = 

J r it J r it j r it 

In particular, if /’g/ is a cy(;le corresponding to a variety 
Vi on of order k, 

A = 

so that f (Oi = (— 

J fit f - 

If we use (X)ordinates which are geociesic at P and evaluate 
at P, we have 


0^1 = ^ 

L 

= ( - J E dx^^ . . . dx^'^ 

Hencte, if, as usual, we denote the dual of by co*, 
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It may be observed that, in any allowable coordinate system, 


where 

minant 


( 0 , 


= i 

(2g) ! 


is the Pfaffian of the skew-symmetric deter- 

*** ^tn-\'i\iq 




^ m \-iq iq 


42-1. An analysis of forms associated with an alge- 
braic manifold. The fundamental forms which we have 
defined on M, together with the two theorems proved in § 40, 
lead to a classification of the harmonic integrals associated 
with M which is the basis of the application of our theory to 
algebraic geometry. In this paragraph we shall prove certain 
preliminary results concerning p-forms on an algebraic mani- 
fold, in which we do not use the condition of integrability; and 
hence the analysis is not confined to harmonic forms. We shall 
find the following notation convenient. Given the p-form 

we define a (p- 2)-form P<>' associated with it by the equation 

or by = 0 (i><2). 

We then define F*") by the recurrence relations 
p( 0 ) = p(r) = [ PO- 


We also define an associated p-form 


By § 39-2, this form is uniquely determined by P, and does not 
depend on the allowable coordinate system used. We note that 
[P']' = (-1)*'P. 
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42-2. We first prove three lemmas, as aids to calculation. 


Leynma A, If P is any p-form, then 

[P X = P^'*^ X — 2r(m —p + r—l) 

The formula is proved by direct calculation when r = 1. 
Let us assume it true for index r — 1. Then, 

[Pxr^iP = [(Px6;i)<^-i)p 

_ i-pcr-i) X — 2(r— 1) (m — p + r — 2) p(^ 

= X (0^ — 2(m — p + 2r — 2) 

— 2(r — 1) (m— p + r — 2) P^^-D 

= P^^^ — 2r(7n—p + r — 1 ) 


Leynnia B. This proves a similar result: 

[P X = P^^^ X — 2(m — p — g + 1 ) P X 

This formula holds for g = 1, by Lemma A. We therefore 
assume it true for index g — 1, and prove it true generally by 
induction. By Lemma A, and the hypothesis of induction, 
we have 


[Pxr.,p = gPPx..,,iXo>,p 

= g“^[P X X ( 0 ^ — 2q ^(m — j) — 2g +2) l^x 

= X 0 ),^ - 2g ^(m -p - g + 2) (g ~ 1 ) P x 

— 2g“^(m ~p — 2g 4- 2) P x 
= P^i) X (o^^ — 2(m — p — q-{- 1) P x 


Lemma C. If P is any p-forin (p ^ m) such that 


then, if p + g < m, 

[Px.;J(^) 


P<i> = 0, 

' ^ {m — p — q)l 


P, 


and if p + q>m, 


[P X wj(9> = 0. 
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When q = I, the theorem is true by Lemma A. We may 
therefore proceed to prove the general result by induction. 
By Lemma A, 

[P X = q~\P X X 

= q-^[P X X Wj 

— 2(m—p — q+l)[Px 

— 2{m—p — g + 1 ) [P X 


Hence, by the result for index q—\, 

[P X ,.,)<« = ,-•( - 2r> X 


-2(m-p-q+ l)(-2)' 


-2W-1- 


(m—p ) ! 


{rn— p — q-\- 1) ! 


= (-2)3--^ P, ifp + ^^m, 

' (m-p-q)\ 

since, by hypothesis, P<‘> = 0; the same proof shows that 
[Pxft>J<«> = 0, \ip + q>m. 


42'3. Let us now consider any p-form (O^p^m), and let 
q be the integral part of Ip, q = [gp]. 

We define q p-forms P^), P(,) inductively, as follows: 


Ml) 


P- 


{ — 2y^{m—p + 2q)\ 


P{r) = 


(r-1) ' 


{m-p-i-q — r+ i) ! 


tKq- 

( — + 2g — 2r + 2) ! 


1)^^^ X 0)q-r+v 


where is a ( ^9 — 2g^ -f 2r — 2)-form defined from P(y_D as 

in §42*1. Then, by Lemma C, 


We now prove that = 0. 

Since the result is true for r = 1, we assume it true for index 
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r—1 and prove it true for index r. By the hypothesis of 
induction, 

Hence, by Lemma C, 

P {q-r+l) __ p((|-r+l) piQ-r-hl) 

(r) "Mr-D 

= 0. 

Write 

_ ( m-p + g-r+l )! p(a-r+i) 

Vp- 2 q+ 2 r -2 r+^(m-p + 2q-2r + 2)l 

(r=l,...,g), 

Qp — ^(ph 

Then lQp- 2 kf^ = 0, 

(1 

and P ='£, Qp- 2 k ^ *'>k- 

fr =0 

We have thus found a convenient form in which to write 
any p-form on it/ (0 < m). 

42 4. We next find a convenient form when p > m. If P* is 
the dual of P {§ 27'2), P* is a form of multiplicity 2m-p<m, 
and hence we can write 

P* = i: P2m-v-2k X Wfc- (<7 = [m -Ip]), 

k=i) 

where = 0- 

Then P = ( - l)^’ i [Kn-p- 2 k X 

k= 0 

It is therefore necessary to calculate the dual of a form 
where [Qr- 2 kV^ = 

In order to do this, we use geodesic coordinates and consider 
a typical term of Qr- 2 ,k^ say, 

Qii. ..ia 7/1+1 1 . . .r/l+la Ji. . Jb W+A^i. . . W+fcp 

X dx^^'^^ . . . dx^^^ dx^' . . . dx^^ dx'^^^^^ . . . dx**^'^^*‘ 
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(in which the summation convention is not used). Here 
are all different, and are not greater than m. The 
condition 

can be written as 

m 

a- I 

Now ojf^ = ... ... 

hence the ty])ical term of Qr^ 2 k ^ 

( 1)^^^^ 1)+Mfc 2 Qai...aa7tH'ai...m+aaji“’jbm+ki...m+kc 

X dx^ . . . ^ ‘ * . . . dx^^ da;^^+^‘‘ . . . da;"^+^<', 

where the summation is over the sets (a^, ...,a^) taken from 
(h> •••j^a+A:)* Using the condition 

[Qr- 2 .F- 0 , 

we can replace the summation by summation over the sets 
(cXi, ...,OLa) taken from tlie integers not greater than m which 
are different from in provided we 

multiply by (- 1)'^ To form the dual we have to replace the 
r differentials da;^\ da;^‘"S by the remaining 2m -r 

differentials. The resulting term is seen at once to be a term of 

Qr 2k ^ r+A ’ 

save for sign. An examination of the permutations involved 
leads to the equation 

[Qr -2k X %]* = ( - 1)^"' * ^r-2* X W^-r+fc. 
where e = \m{m — I ) + \r{r +1). 

Hence if P is a p-form, 'p > m, 

P=i: [li2,„-v^2k X q = I W - ip] 

0 

= ( _ l)J».(m+l)+ii,(i,-l) I ( - 1)*= i?L,-;>-2fc X 


where 
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The results for and p^m can be summed up in the 

theorem : 


Theorem III. Any p-form P on M may be written as 

P = I,PaX(^b, 

a,b 

where a-\-2b = p, 

and the summation is over all non-negative integral values of 
a, b for which 

a + b^m, 

and where = b. 

The dual of P is given by 

a, b 

where e = \m{m — 1) + \p{p + 1 ). 


42*5. The form given by Theorem III is unique. In order 
to prove this, we show that if 

= [P„F = o, 

rt, b 

where a + 26 = a -f 6 ^ m, 

then /Jj = 0 (all j)ermissible values of a). 

Suppose, indeed, that not all P^ are zero, and let a^ be the least 
a for which P^ ^ 0. Then if 


+ 26 i = p, 


rt, b 
a,b 


= S(-2)'’ 

a, b 


( m-a)\ 

(m — a — b)\ “ 


= (-2F 


(m-Oi ) ! 

{m — a^ — bf)\ 


P,. = 0, 


Thus 
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and we have a contradiction. The formula given by Theorem 
III is therefore unique. 

42*6. Finally we obtain an alternative form for the condition 

= 0 , 

for any form P of multiplicity p ^ m. Suppose first that this 
condition is satisfied. Then, in the first place, 

[P X = 0, 

by Lemma B. But, by Tlieorem III, we can write 


P^«i,n~p+l = S-PaX<<^6. 



</, b 

where 

1—1 

11 

O 

and 

a + 6 < m, 


a + 26 = 2m-~p + 2. 

Hence 0 

= 

a, b 


= -22(™-a-6+l)/|,xw6_i, 

a,b 

by Lemma B. 

Hence — 0, for each admissible a, 

and therefore 

P X (0„, p+i = 0. 

Conversely, if 

^ X w,„_p+i = 0, 

let 

Q 

^=11 Qp-2k X Wft, q=[y], 

fc-=() 

where 

[<?p-2fcF = o. 

Then 


P X 

_ ^ lm-'p-\-lc+\\ 

1 ^p—2k ^ f A;+l 

Therefore, by Lemma B, 


0 = [P X 1]<« 


HHI 


12 
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It follows from the uniqueness theorem proved in connection 
with Theorem III that 

= 0 (i= 1,2,. 

Therefore P = Q^, 

where [Qpf^^ = d. 

Hence the condition = 0 

can be replaced by Px = 0. 

42’7. A similar argument shows that, if p > m, a p-form P 
satisfies the condition 

= 0 

only if P = 0. 

Indeed, by Theorem HI, we can write 

P = ^P„xo)^ (a + 26=p), 

a,b 

summed for a + b^m. If 

P(« = 0, 

we have, by Lemma B, 

0 = -2'^{m-a-b+ 

a,b 

and hence = 0, 

for all admissible a. Hence P is zero. 

43- 1. The classification of harmonic integrals on an 
algebraic manifold. With the aid of the results found in 
§§42* 1-42*7 we arrive immediately at certain theorems of 
importance in the theory of harmonic integrals. 

Theorem IV. If P is a harmonic p-form^ Q — P x(o^ is a 
harmonic (p + 2)-form, or else it is zero. 

In the first place, 


= P^ X Wj + ( - 1)^' P X (Wi)^ 

= 0 . 
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Secondly, 






p\2\ 




ip+t s 


= 0 , 


since, P being harmonic, 

and = 0 

(Theorem I, Corollary). 


43*2. Now let us consider a harmonic ^^-form P, where 
By Theorem III, 

Q 

P = '^ Qp-ik x(^k (9= [iz^-D. 


where 




If we turn to tlie construction of the forms Qp-ik> we recall 
that, in the notation of §42, we first constructed forms 

Vp-24 (_ 2 ) 9 (w-/^ + 2 ^)! 

Since, by Theorem I, P<''> is harmonic, Qp_2a is harmonic. 1 1 
follows that is harmonic, and therefore 

Vp -2-/+2 ( _ 2y, -1 + 2g - 2) ! 


is harmonic. It follows by a simple induction that Q.p^.ik 's 
harmonic, for k = 0, 

Next, let us consider a p-forrn P, where p>m. Write it in 
the form, given in I’heorem III, 

P=llQuX<Ob 

a, b 


{a + 2b=p; a + b^m). 
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Then the dual form P* is 

P* = ± 

a,b 

and is harmonic. Since 2m-p<m, and 

= 0 . 

it follows that Q'^ is harmonic. Therefore, by Theorem II, 
Q„ is harmonic. 

If we now use Theorem IV, wc obtain 
Theorem V. When a harmonic p-form P is written in the form, 
P='LQa'>^^b (a + 2h=p-,a + b^m), 

ayb 

as described in Theorern II 

and x 

are harmonic^ for all admissible values of a and b. 

43*3. Tlie harmonic forms P which satisfy the condition 

= 0 

play an important role in the development ot our theory, and 
it is convenient to give them a name. We shall call them 
effective forms, and their integrals will be called effective 
integrals. 

Let P be any harmonic form of multiplicity p ^ m. Then, 
by Theorem V, we can write 

P P Pp-2k (? ” 

k^l 

<1 

where ^ = 11 ^~^Pp- 2 k ^ 

k=\ 

is a harmonic (p — 2)-form and P is an effective ^-form. Hence 
we can write 


P = P-\-Qx(jjy. 
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Conversely, if Q is any harmonic {}) — 2)-form (2 < < m), and 

P is an effective /^-form, we can write 

Q = 2A: 

A-l 

where 

then P = P Q X ( 0 ^ 

n 

0 

where P^j = P, is an harmoni(} />-forni written in the standard 
form. Now there are 7?^, harmonic /)-forms, and f?p _2 harmonic 
(^ — 2)-forms. It follows that there are exactly — 
effective forms, provided that 

P + Qx (0^ 

is not zero unless 

7^ = 0 and Q = 0. 

Since p ^ m, the uniqueness theorem of § 42*5 shows that this 
condition is satisfied, and hence we have, by a sim])le induction: 

Theorem VI. There are exactly — indepeyicUnt 

effective integrals of inultiplicity p (0 ^p ^7n), If v>e denote 
these by 

Jpj, (i=l,...,,Sp), 

a basis for the. R^, harmonic integrals of multiplicity p is given by 
theq + I sets of integrals 

\P^ 0-1,. ..,^U 

P \^-2 = 1 , • • • , 

{P^p^2q ^ 1 • j ^2?— 2g)» 


where q = [\p]. 
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We call the integrals 

the ineffective integrals of the hth class, and the forms appearing 
in the integrands the ineffective forms of the hth class. An 
ineffective integral (form) of the 0th class is the same as an 
effective integral (form). 

We notice that the condition that P should be an effective 
p-form (0 m) can be written as 

P-^0, 

P'-^O, 

P X = 0. 

44. Topology of algebraic manifolds. Before we can 
discuss the periods of harmonic integrals on an algebraic 
manifold, we must recall the main topological properties of 
the manifold. The theorems which we require were either 
discovered by Lefschetz, or are simple deductions from his 
results; and the reader is referred to his tract [ 7 ], or to Zariski’s 
summary [17 j, for the details of the proofs. 

Lefschetz ’s theory of cycles on the manifold corresponding 
to a variety ])rovides a classification of cycles relative to a 
linear system of varieties of dimension m — 1, which may 
be taken as the system of prime sections of In con- 

structing the Riemannian manifold of in § 37-1 , we took a 
particular representation of as a non-singular variety in a 
projective space 8^., and constructed the Riemannian of 8^ by 
Mannoury’s method. We now take the system of varieties 
of dimension m— 1 on 1^^,, relative to which we propose to 
classify the cycles of M, to be the system of prime sections of 
this representation of and we denote the section of by 
a generic linear space of 8^. of dimension r — by 

(0 ^ p < m). Corresponding to there exists a sub-manifold of 
2p dimensions on M, Avhich we denote by Jf(l^). 
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The theorems which we shall require in the investigations 
of the periods of harmonic integrals are as follows. We need 
only consider homology with division. 

I. If p^m, and is any ^-cycle of M (q^p), there is a 

cycle lying in homologous to F^^. 

II. Every homology between the (^-cycles of M lying 

in (p>q) which holds in M holds also in Hence 

W = 

[II. If there exists a basis F^ (i=\, for 

the jy-cycles of M(V^) in which the cycles fall into </ + 2 classes 

{q=V2P})- 

Fp ..g), 

Fj, (i = i?,-Vg,+ l,...,/?^), 

FI (/=/?^ + i,...,7yg), 
with the following properties. 

(i) The cycles F^ (^ = 3 , - -^Rp) form a basis for the j9-cycles 

of M. We call them the invariant cycles of The cycles 

F^p {i = Rp-[-\, ...,Rp{y,p)), which we call the vanishing cycles of 
MiYp), are homologous to zero in M. 

(ii) A cycle of the Ath class has zero intersection (in M{Vp)) 
with any cycle of the ^;th class, if h^k. The cycles 

/ p (i = Rp — Rp-2ft + 1 j Fp— Rp-.2h-2) 

are called ineffective cycles of the hth class (A = 0, An 

ineffective cycle of the 0th class is also called an effective cycle. 

(iii) The ineffective j9-cycles of the Ath class are homologous 

to cycles of but no linear combination Fp of them is 

homologous to a cycle in the general M{Vp_f^_f). There may, 
however, exist an algebraic variety D of dimension less than 
p — h on with the proyjerty that M{D) contains a cycle 
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homologous to 7^^. The variety D is not in this case a generic 
linear section of 


IV. If ^<m, in order to classify the (2m— ^)-cycles of M 
we first classify the j9-cycles of M according to the scheme of 
III. Then, a basis for the (2m— ^)-cycles of M exists con- 
sisting of cycles r^m-p = which fall into 

q+\ classes {q — [i'p}Y 



^ lin-p (^ — 1 ) • • • j •“ l^p~%)) 

^Im-p = ^p ~ ^p-2 + ^ j • • • j — ^p- 4 )’ 


^ 2m-p “ ^^p ~ ^^p-2ti ^ J • • • ' ^^p)i 

with the properties: 

(i) 

j'L-p^^Hyp)^ i'p\ 

(ii) 

(Up- 

i^p • ^im-p) — 

^p-2h < ^ ^ fip ■“ lip -2/1-2 > Up- 2k ^ ^p ^p 

ii h^k ; 


(iii) if 

^ip “ ^p-2k Up iip~2h-29 

then 



is an effective (p- 2A)-cycle (sec V, below). 

Consider on a linear system of varieties 

with the property tliat throiigli a general ])oint of there 
passes just one variety of the system. In there is a 

cycle homologous to and, as describes the system, 

this cycle describes a locus (in the sense of Lefschetz) which is 
a (2m-^)-cyc]e lying in and homologous to 

In order to preserve a continuity in our formulae it is con- 
venient to call the cycles 

^2m~i) (^p ~ ^p-2h Up — I^p-2h~2) 

ineffective cycles of class 2m-p-m + h = m-p + h. We can 
then state the result, which includes III (hi) : 
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V. If is an r-cycle (any r) of class h, is homologous to 

a cycle of and, further, 

is an ineffective (r — 2A:;)-cycle of class h — k if and is 
homologous to zero if k > h, 

VI. When the system of ])rime sections of is 

given, the set of ineffective r-cycles of class h is uniquely 
determined. If another system | \ on which gives a 

projective representation of as a variety without sin- 
gular points is chosen, the classification of the r-cycles may be 
altered. But the classification of the r-cycles into sets of 
ineffective cycles of different classes is unaltered in the special 
case when is algebraically equivalent to and 

I [ has no base points on hence it is fixed by the com- 
plete continuous system defined by the juime sections. 

Thus if we are given on 1^,, any complete continuous system 
{C} of varieties of dimension m — 1, which contains a linear 
system | C | without base elements providing a i)rojective 
representation of V„^ as a variety without multiple points, 
there corresponds a unique classification of the cycles of 
having the properties described in I-V. 


45* 1. Periods of harmonic integrals. The reader will 
have observed a correspondence between the results and 
terminology of §§ 43 and 44. We now show the ])recise nature 
of this correspondence. To do this we first require to prove the 
formula 

f Pxwj. = p, 

J r/i + a* ^ • J Fh 

where P* Pa+j,, . M 

and P is any closed A-form. 

We suppose the cycles of M are classified as in § 44 and use 
the notation of that paragraph. In the notation of §22*5, 
we have 


f 

jn. 


PxwA = SAff 
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by § 4 1 • 1 , where n is the order of and hence 

Jr^iic icl I Jr‘„ 

T^et ^p = \\ill-PL-p)h 

^2m—2k(^ h+2k) ~ 11 i^h+2k * ^ 2m— 2k * ^2m—h) jl • 

Then a2fc = /a®;-. 0 ... \ 

/ 0 aL 1 


where a|^ is a square matrix of li2k~2i~' ^^2k-2i-2 rows and 
columns, and agfc — ( — Now 

[k^^~2k(r = ^2m-2k • ^2m-2k{^ h-\-2k) * 

Therefore 

[■^2m-2/r(jn = \^2m-2k ''^2m-2k{l\t+2k) * 

= ( - 

But if /; ^ //,. r;; ^ • rgf,-2k. 

then [^2m-2ki^h+2k)]u.kj ~ ^/^l{^h)lj' 

Hence = (- 

Therefore, 

I P X OJ;, = ( - 1 ^/ijp 

i Jr\ 


( _ I jTnfc+i/c(A:+l) (^j 

P> say- 

JTk 
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45 - 2 . We use this result to show that, if ^ < m, an effective 
^-fold integral has non-zero periods only on the effective 
^j-cycles. Let be a ^j-cycle of class A ^ 1. Then there exists 
a (2m— jp-h2)-cycle T'2m-^?+2 m—p-{-h+ i with the 

property 

If P is an effective j9-forin, 

Px(^m-p+l = <>• 

Therefore, 

I ^ ~ iy m—p+li) I -P X 

J Fp J r^m-p I . 

= 0 . 

In general, let P be an effective A-form. We may call 
P X an ineffective {h 4- 2A:)-forin of class k. This is in agree- 
ment with the definition given in § 43*3 for the cases h-\- 2 k^p. 
If P/i+2A: is a cycle of class r, we have 

Px(Dk=vA P, 

J Fh tk J Fh 

where r„+2k • ^(Kn~k) 

is an ineffective cycle of class r — k. But 

f ^ 

J Fk 

is zero unless r = k. Hence: 

Theorem VII. An ineffective integral of multiplicity p and 
class k has non-zero periods only on the p-cycles of class k. 
Since there are 8 ^^^^ = ^p-2k-^p 2k -2 ineffective |?-fold in- 
tegrals of class k, and a8'^,_2a* ineffective cycles of class k, and 
since the period matrix of the harmonic integrals of 
multiplicity p is non-singular, it follows that the ineffective 
integrals of class k have a non-singular period matrix with respect 
to the ineffective cycles of class k. 

The results of this paragraph show that the periods of the 
harmonic integrals can be determined as soon as we know 
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the periods of the effective integrals on the effective cycles. 
Moreover, since the dual of an effective 2?-form P (p^nt) is 
± P' X o)ni..p, where P' is an effective form, we may reduce the 
study of the periods of harmonic integrals and their relations 
with the periods of their duals, to the study of the periods of 
the integrals of the effective forms P and their relations with 
the periods of the integrals of the associated forms P'. This 
study can be confined to the sub-manifold M(Vp). 

46*1. Complex parameters. In view of the results 
proved in the preceding ])aragraph, we shall confine our con- 
siderations to the effective harmonic ^-forms, and to the 
effective -cycles, Let 

P = ? P. . dx ^' . . . 

p\ 

be an effective harmonic |;-form, so that 

Then, by Theorem 11 of §40, 
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Consider the typical term 

dx^^^^ . . . dx^'^'^^\dx^^ . . . dx^‘ . . . dx^^^* 

+ ( — 1)'’+^ r'*+^ . . . dx^^^^* dx^^ . . . dx^‘*^ 

t s t 

= 2^^^^ dz'' . . . dz'' dz ‘‘ . . . di*'' I n (dz^" + dz’") JJ (dz^'‘ — dz'^") 

S t 

+ ( — 1 )'’ n {dz^"" — dz^^) n {dz^^ + dz^'^) 

1 1 


The right-hand side of this identity is a sum of terms each 
involving an even number of conjugate imaginary differentials 
dz^. Hence we can write! 


p+(-i)^p' = iPi,,) (?=M, 

/c =0 

where 


P(,,)=[(p- 2 A;)!( 2 A 0 !] 


X dz^^ . . . dz^p-*^ dz^' . . . dz^^^, 


where in applying the summation convention we sum for 
values of the indices from I to m, is skew- 

symmetric in the suflSces h, separately. 

Now 

If we express this condition in terms of the complex i)ara- 
meters, we find that 


'p-2k+\ 3 

y __p{ 2 k), . . . . = 0 

r=l 9 ZjV = ’ 

2*+l f) 

S (-ir‘ = 0. 

r= 1 


for each k. Hence 


(2A:)- 


0 . 


t The suffix 2^' is enclosed in brackets, in order to distinguish the form from 
the symbol often used to indicate a form of multiplicity 2k. 
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Similarly, it may be shown that we can write 


where 
and hence 
where 


— 'Ij Pi2k-\-l) — ^) 1 )» 

k=0 

P(2k+l)~^^y 

^p=^iPik)^ 

k=0 

Pik)~^^^ 


46-2. Next consider (o^. At the origin of geodesic coordinates 
we have 

7/1 

(0^ = dx^ 


i 

= -Yidz^dz\ 
^ 1 

and hence in any set of parameters 

(0^ — apjdz^dzK 

Similarly, 


1 

~ [(i/i _ J) -fTiyyp pm; Ji...;’//. p i 

X dz ^^ . . . dz^"*-'f * ■ ' dz ^^ . . . p^\ 


It follows immediately that 

I X J.l 0 

implies P(^.) x = 0 (k = i), 

Conversely, let 

^dzK..dzn 

be a closed form such that 

P(k) X <^m-p+l = «• 


Let 

and 


P(k) = A +iB. 
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Then an elementary calculation shows that, if p = 2q, 

and, if ^ = 2g — 1, 

It follows that if P is either the real or the imaginary i)art of 
P(*), then 

P->0, 

and P' = P,n+u...m+udx^' 

r * 

Hence P is an effective ^-form. We call P(^.) an effective form 
o/ type k. Similarly a ^-forni which is the product of an effective 
(p-2A)-form of type k by o)f^ is called an ineffective form of 
type h 4- k. We then have 

Theorem VTII. An effective p-forni P can he mitten as a sum 

P = ^Pm, 

fe=0 

where P(^j^) is an effective form of type k, that is an effective form 
which can be written as 

Pik) = [(p-k)lk !] ...dz^»-^dzh...dzK 

46-3. Consider the closed form 


Pm = A P. ... dz''. 

p] 


The condition P(„) x = 0 

imposes no restriction on P(o). Since P(o) is closed, we find that 
the coefficients of the form depend only on (z^, and not 

on (Zi, But it is a classical theorem in the theory of 

algebraic functions and their integrals that an integral 


I 


1 

pi 




dz^^ . . . dz*'’ 
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whose coefficients are analytic functions of the local para- 
meters at every point of an algebraic variety, and which 
satisfies the equations 

P+l 0 

r= 1 

is an algebraic integral of the first kind attached to the variety. 
If the variety is projected into a variety with only ordinary 
singularities in a space of m -t- 1 dimensions, in which the 
non -homogeneous cartesian coordinates are (z^, •••? 2 :^+ 1 )? 
if the variety is given by 

F(Zii •••■> ^m+l) 

the integral can be written in the form 





dz^^ . . . dz^p^ 




where 




is a polynomial in {z^, adjoint to F{Zj^, and 

satisfying certain other relations (cf. [4J for a complete state- 
ment of the conditions). Conversely, the real and imaginary 
parts of an algebraic integral of the first kind are effective 
integrals. 


47* 1. Properties of the period matrices of effective 
integrals. Let us consider the = effective 

/;-fold integrals, divided u]) into integrals of types h{h = 0, 

Let the integrands be the forms 

Pfo) = 
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where the forms 1%) (i = 1 , . . . , p* ) are effective forms of type A, 
and we may assume 

Pth) = Plv~h)- 

We have | p% = p^"". 

Let the period matrix of the integrals of the type h be a 
matrix of p^ rows and columns. We may regard the period 
cycles of the integrals as cycles in The matrix of their 

intersections in this sub-manifold is non-singular. We denote 
the transpose of its inverse by A^. 

By the bilinear relations (§ 22*4), we have the equations 

= II f • 

\\j M{Vp) 

(a) If h^k, Pt,^) X = 0 in since the product is a 

2^-forni with p — h + k differentials dz^, and p + h — k differ- 
entials dz\ Hence 

Sir, AS my ^0 (h^ky 


(6) Let h — k. If we write 

siSAsm = 

we can prove that is a positive definite Hermitian matrix. 
To do this, let A^, ...,A^a be any complex numbers, not all 
zero. Then 

A,a«A^ = i»( - If ^ 

ij 

= i/>(_l)/J PxP, 

J Mi Vp) 

where P — ^iPlh) 

is an effective integral of type h, different from zero. We have 
to show that the right-hand side of this equation is positive. 


HHI 


1.3 
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Let A,iBhQ the real and imaginary parts of P, so that 

If j) - 2,q, PxF = {A + iB) x {A ~iB) 

= A xA + Bx B 
== (- l)«+*[^ x4' + Px P'], 
by the result of § 46-2; and, if 2^ = — 1, 

PxP = (A + iB)x{A-iB) 

= — 2iA X B 


= -2i(- V)'i+'<AxA' 

= - i{ - l}v*-'<[AxA' + Bx B']. 

Hence, in either case, 

jP(_I)/^f PxP = (-l)"f [AxA' + BxB'l. 
JivnFj,) J/ud’p) 

Now, by the results of §§45-1 and 42-4, we have 


J. 


Ax A’ 


,4 X x w 


M(Vp) 


A X A*, 


i'=4 

being the dual of A, and similarly, 

f BxB^, 

J M{Vp) JM 


where 

and 

Hence 


g X -P)+iim' ~P) ini~p +1) ^ ^ 


(m-p ) ! 
(471) 

and therefore we have 








' M(Kp) 

since A and B are not both zero. 




[AxA* + Bx B*] > 0, 
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47*2. We can obtain similar results for the ineffective 
^)-fold integrals of class h. An ineffective ^-form P of class h is 
the product of an effective ( — 2A)>forin by (Of^. Now tlie 
effective {p — 2A)-forms of class h can be arranged into p — 2h-\-\ 
types, those of type k being of the form 

Q = [(P ~ . .. 

Recalling the form of (Oj^ found in § 46*2, we see that 
P = Qx (ijf^ 


X dz ^^ . . . dz^p -^-^dz ^' . . . dzj^^^, 

which we have called an ineffective form of type h + k. Thus 
the ineffective forms of class h can be arranged into sets of type 
kj where k — h, . . . , p — h. 

Let All l^eriod matrix of the ineffective p-fold integrals 

of class h and type a with respect to the ineffective cycles of 
class h of Jf , which may be taken as cycles of M{V^X Let AJJ 
be the transpose of the inverse of tlie intersection matrix of 
tliese cycles. Then, as before, 

AMA^>)' = 0 (a^b). 

We now show that 

where is a positive definite Hermitian matrix. Following the 
argument given above, we have to show that if P is any 
ineffective form of class li and type a 




PxP>0. 


ft Va I 

j M{Vp) 

Now F= Qxoj,,, where Q is an effective (p — 2A)-form of 
type a — A. Hence 

«xo 


13-2 
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PxP>0. 

jMiVp) 

It will be observed that if we consider all the harmonic 
forms of type A, including the effective and ineffective integrals, 

where SI is the period matrix of integrals, A is the transpose of 
the inverse of the intersection matrix of the period cycles, 
and Y/i is a Hermitian matrix, which is not, however, positive 
definite. 

47*3. Any closed jp-iorm which can be written in the form 

[(jj-A;)! ...dz'o * dzi^ 

whether it is harmonic or not, will be called a form of type k. 
We now prove a lemma concerning a set of p-forms of type h 
whose integrals have zero periods on all ineffective cycles of 
class j (j = 0, 1, Let 

be such a set of forms. If we choose as basis for the 7?-cycles of 
M the cycles Pp (i= 1, ...yRp) of §44, the integral of has 
zero periods on all the cycles except 

^ p (^p ~ ^p-2k ^ ^ ^ “ ^^p-2k- 2) ’ 

and there exists an ineffective form of class k whose integral 
has the same periods. Then 

a 

where the forms Pi^^) are ineffective forms of class k and type a. 
Let be the period matrix of the integrals of ..., Qp and 
A? the period matrix of the integrals of (J= 1, 2, ...). If 
be the transpose of the inverse of the intersection matrix 
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of the ineffective cycles of class k, calculated in ikf (P^), then by 
calculations similar to those made above, 



six^A^y = 0 

(a^h). 

But we have 

a 


Since 

Awm' = 0 

{a^b), 

we have 

X<„)Ai?A^(A,?)' = 0 

{a^h). 


Since A^(A^)' is non-singular, 

X(„) = 0 (a^A). 

Further, 

= ip(- l)p+'»+fcM, 

where M is a positive definite or indefinite matrix according 
as there does not, or does, exist a linear combination of the 
forms Qi which is null. 


47*4. We make two deductions from this result. We confine 
ourselves for simplicity to integrals having zero periods on 
the ineffective cycles, but the generalisation is immediate. 


(i) Let Slfl be the period matrix of the effective p-fold 
integrals of of type A, and let Slf^ be the period matrix of 
tlie effective p-fold integrals of Vf, {7n>k>p), the metric on 
being determined from the Mannoury representation of 
V/^ obtained from the representation of Since the effective 
j?-cycles of M(y^) coincide with the effective p-cycles of M, 
the effective j^-fold integrals of type A on define integrals of 
type A on ili ( 1^) satisfying the conditions of our lemma. Hence 




Hence = /X(„) 


iSin = aSlp. 


\Si‘V 


kJ 


Now S2^ and are non-singular matrices of Rp—Rp _2 rows 
and columns. Hence A is a non-singular matrix. This is only 
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possible if pp= (T^), and is a non-singular matrix of 
rows and columns. By rearranging the integrals, we can write 

Sif, = Si]]. 

(ii) lik = j), the same reasoning shows that 

= \h)^h^ 

where is a matrix of rows and p%{Vp) rows and columns, 
since the effective 7 }-cycles of M are included amongst the 
effective |}-cycles of 

48. Change of metric. A thirej a])plication of the lemma 
of §47-3 enables us to establish the result that the matrices 
are birational invariants of M relative to the complete con- 
tinuous system defined by the prime sections of ili. It will be 
recalled that the classification of the y^-cycles of M into classes 
of ineffective cycles given in §44 is unaltered if we replace 
by a birationally equivalent variety which is (a) in (l-l) 
corresj)ondence with 1^„ without exception, (6) such that the 
prime sections of correspond to varieties of (m — 1) dimen- 
sions on belonging to the com])lete continuous system defined 

by the prime sections on The harmonic integrals, on the 
other hand, dej)end on the choice of metric on M, 

If 

are the effective jo-fold forms on M of type /t (/i = 0, . . p) and 

FI, {i=V,...,p%) 

arc the iorms defined on M by the effective integrals of type 
}i (//, = 0, defined by a Mannoury metric associated' with 
the forms 

1 %) (*=i> •••,/>*) 

satisfy the conditions of the lemma of §47*3. If we calculate 
the periods of all the integrals with respect to the same basis 
for the effective jj-cycles, the lemma gives the result 

Sii = 
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wliere X(,,) is a matrix of p\ rows and columns. Hence 

/X(o) 0 

I 0 

^ * \p) 

But the two period matrices in this equation are non-singular 
matrices of I'ows and columns. Hence 




\o) 0 

0 X(i) 


is non-singular, and therefore p!l, = and X(/,) is non-singular. 
By rearranging the integrals, we can write 

= Sll 

In general, if the periods are calculated with respect to 
arbitrary (possibly different) bases for tlio effective cycles, 
we have 

where X(/^) is a non-singular square matrix, and A is a non- 
singular square matrix of integers. Period matrices which 
satisfy an equation of this form are said to be equivalent. 
Hence we have the theorem: 

On an algebraic variety of m dimensions we consider a complete 
continuous system of varieties of m~ 1 dimensions {C}, and in 
{C} we Uike two linear systems | 6\ | a7ul | \ with the sa^ne base 

2 )oints, which serve to give projective representations of the variety 
as varieties without singularities. If we now proceed to build up 
the theory of har^nonic integrals as in the earlier part of this 
chapter, the period matrices of the effective p-fold integrals of 
type h on the two varieties are equivalent. 

An exactly similar argument holds when we consider in- 
effective integrals of class k instead of effective integrals. 
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49. Some enumerative results. Certain formulae con- 
cerning the numbers can now be proved. We have 

Pp= Pp""’ 

and h = Rp-Rp- 2 - 

k — 0 

Let us first suppose that p is odd, say p = 2^^ + 1. Then 

2 i = Rp-Rp-2- 

k = 0 

If p = 0, l,7i^_2 = 0, and hence, by a simple induction, we 
find that is even whenever p is odd. This result has been 
})roved otherwise by Lefschetz[7]. 

Next let us suppose that p is even, say p = 2q, Then, by 
the result of §47*1, 

n^A«)' = 0 (h^k), 

where AJ is the inver.se of the tran8po.se of the intersection 
matrix of the effective p-cycles (regarded as cycles in M{Vp)), 
and Oft is a positive definite Hermitian matrix. Ag is a real 
symmetric matrix, and it has a character called the signature, 
defined as follows. Let T be a non-singular matrix such that 
TAS'T' is a real diagoiial matrix. The matrix T is not uniquely 
defined by this property, but it is known L3J that the number 
of elements of TAJ^T' which are positive is inde])endent of the 
matrix T. This number is called tlie signature of Ag'. Clearly 
it is also the signature of the intersection matrix of the 
etfective p-cycles. We denote it by /S(Ag') or AV(a^,), and it is a 
relative invariant of Since is ])ositive definite, there 
exists a matrix such that 

P/4 = ®/4- 
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Then TA^T' = (- 1)« /€o 


where e,. is ( — I)*" times the unit matrix of yOp rows and columns. 
Hence 

^(^p) = pI+pI + •■■ +Pp (? even) 
and ^i^p) = Pp+Pp + •■■+Pp~^ (? odd). 

The number p® of everywhere finite p-fold algebraic in- 
tegrals attached to is an absolute invariant of V„^. Wo 
therefore have the following relations: 

(i) p\ = iR^, 

(ii) P%<mp-Rp-2) 

when p is odd ; 

(iii) when p = 2q, p®^ < (q even), 

pI, < ^4, - Ri., ~2 - '^(^29) {q odd). 

It is well known [2] that pi is equal to the first irregularity of 
and that is the geometric genus of For m = 1 we are 
concerned with an algebraic curve and the results obtained 
are classical in the theory of algebraic functions. In the case 
of surfaces (m = 2) we shall later obtain more precise results. 

50-1. Defective systems of integrals. In the following 
paragraphs we j)rove a theorem which is a generalisation of 
Poincare’s theorem on defective integrals [H], for sets of 
integrals which have zero periods on all the ineffective cycles 
of M, A similar theorem can be proved for sets of integrals 
having non-zero periods only on the ineffective cycles of class 
k, for any fixed value of k, but the theorem cannot, as far as 
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we know, l)e extended to sets of integrals which have non- 
zero periods on ineffective cycles of more than one class. 


Let 


'P<Ta 
^ (0)7 



p<rx 

••5 M1)J 





be a set of closed p-forms which have zero ])eriods on all the 
ineffective p-cycles of M, with the ])ropcrties: 

(i) is a form of type h, i.e. it can be written as 

1%) - [{V-h)\h\] 

and = Plp-h)l 

(ii) no linear combination of the forms with constant 
coefficients is null; 

(iii) if is the period matrix of the integrals of the forms 

p 

Plh) of ty])e h, there exists a matrix A,, of cr,, rows and cr = ^ 

columns, and a matrix R of integers of cr rows and 72^ — Pp _2 
columns such that 

n, =A„R. (5) 

We call such a set of forms a complete, set. 

We first show that A,, is of rank rr^, and R of rank or. The 
(p4- 1) equations (5) can be written together as 

n = /SiA = /Ao\ R = AR. 

The matrix £2 is of rank cr, otherwise there would be a linear 
combination of the forms which is null. Hence A and R 
are of rank a at least. But A is a matrix of a rows and columns, 
and R has a rows; hence the rank of these matrices cannot 
exceed o'. If any A,, was of rank less than o*^, A would be of 
rank less than o'. Hence A;, is of rank o*;,, and R is of rank or. 
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Since R is of rank <r, there therefore exists a matrix S of 
integers of — Bp^^ ~ ^ rows and Bp — Bp_2 columns, so that 

has determinant t different from zero. Let us make the change 
of base for the period cycles given by 

The integrals of our set of forms of type h have now period 
matrix equal to 

where I^. is the unit matrix of cr rows and columns. The in- 
tegrals of all the forms have therefore periods different from 
zero only on the cycles T'/ (i= I, ..., tr). The matrices are 
now to be regarded as period matrices calculated for the cycles 

r'i 

X p . 

Let the intersection matrix of the effective cycles T'/ 
{i = i, — Rp_2) in M{Vp) be written as 



where = || {r'J . F'J) || (i, j ^ cr), 

^3 = II (r'J . r'J) II (i > cr; j ^ cr), 

^, = \\{n\rj)\\ {ij>cr), 
and write the trans])ose of its inverse similarly as 

/Ai A2\ 

I A3 aJ’ 

where A^ has cr rows and columns, etc. 

By Jacobi’s theorem on inverse determinants we know that 


where d is the determinant of the intersection matrix. We 



204 ALGEBRAIC VARIETIES [iV, 50-1 

prove that | a 4 1 is different from zero by showing that Ai is 
non-singular. By § 47-3, we have 


/flo\ 

/A, AA 

\si / 

U 3 aJ 




a;) = (-*r 



where ( — is a positive definite Hermitian matrix. Hence 


= ••• ). 

\ ^pl 

and, since the i)eriod matrices in this equation are square 
matrices of rank cr, and the right-hand side is non-singular, 
Ai is non-singular. Therefore a 4 is non-singular. Let 


X=|a4|a2a4-S 

and make the change of base given by 

4 = |a4|r;/~A}r;-+> 


Tlie integrals of our forms have zero periods on the cycles 
Zl j, (i > a) and the intersection matrix of the effective 

cycles riy, is of the form 



where is a (cr, or) matrix of rank cr, and b 4 is a non-singular 
matrix of R^ — Rp. ^ — cr rows and columns. Thus a complete set 
of cr p-fold integrals which have periods only on the effective 
cycles has the property that we can choose a base for the effective 
p-cycles A], {i=l, ...^Rp — Rp^f) 

(a) the integrals have non-zero periods only on the cycles 

(b) idy.A^p) = 0 {i^(r;j>(r); 

(c) II (A], . Zl^) II is non-singular (», j < <r). 
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For brevity we shall refer to the cycles (i= 1, a*), or 
any linear combinations of them, as the period cycles of the 
complete set. We observe that the whole set of jBp — 
effective integrals forms a complete set, their period cycles 
being the effective cycles of M. 

50-2. Let us now suppose that a complete set of cr p-forms 

P(0) (i = 

£% 1, ....o-i), 

P(p) 

can be arranged so that the forms 

-^(0) • ••> '^o)> 

^(1 •••> ^ i )> 

Pjp) (i = l,...,A^) 

form a complete set, where 

0 < A = X < (T. 

A=0 

We first choose as a basis for the effective ^-cycles of Jf a set 
of cycles in 

(i = 

satisfying the condition of the theorem of §50-1. We now 
consider only the period cycles and repeat the 

argument of §50-1, replacing or and — ^ or 
respectively. We find a basis 

(i ~ 1, 

where = A], (i > or), 

for the effective j9-cycles of M, so that the period matrix of 
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the integrals of P^f^) (i= 1, 0 ";^) with respect to the cycles 
(i= 1, ...,(r) is of the form 


A ^ \ 


Here coj; is of A/, rows and A columns, etc., and the intersection 
matrix of the cycles (i = 1, ..., or) is of the form 


Co :). 


where is a non-singular matrix of A rows and columns. 
Let us now consider the relations of §47-3. We obtain 


“ft OWAi 0\/(u>i)' (a>|)' 


M OWA 

U <)\0 




wliere is the transpose of the inverse of a^. Hence 

“ftAi{to>i:)' = 0, 

“ftAi(t5^)' = 0 {h^k). 

The matrix 


= A, II (fiji)' ... {ibl i)' (a>i+i)' ... (*1)' II 

is of rank A — A/^, and hence if x is any matrix of rank A,^, of 
A;^ rows and A columns, which satisfies 

XV1>A = 0, 

any solution of the equation 

y+ft = o 

is given by y = ax. 

But we can take x = <oJ, 

and hence (jj| = a^^ co^, 

where a/^ is a matrix of A/^ rows and A,, columns. Clearly, 
we have 

“ ^p-h' 
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If we now replace the cr,, forms 

P[h) 

by the forms Ql^) (i = 1 , . . . , cr^), 

where Ql^^ = 

Q{h)^ ~ 

the period matrix of the integrals of the forms (2(/t) is of the form 

M 0\ 

lo CO,?/’ 

and hence the forms QIj^) (i = A,^-h A = 0, ...,p) com- 

prise a complete set. The complete set (i = I, a*,/, 
A = 0, is said to be defective, and the two complete sub- 
sets are called complementary complete subsets. A complete set 
which is not defective is said to be pure. The period matrix 

S2 = 

of a complete set which is pure is called a pure period matrix, 
and the period matrix of a defective complete set is said to be 
irreducible, or impure. The period matrix of a complete set with 
respect to its period cycles is always a non-singular square 
matrix. 


Let 



and A = / An 




be period matrices of two complete sets of ^-fold integrals, 
written in the usual form. Let have rows and p columns, 
and have cr,^ rows and cr columns. Then 


P — ^ Ph’ 

/l=0 


O' = S G*,,. 

h=0 
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The matrices S2 and A are said to be equivalent if 
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( 1 ) Ph = *^h = 

(2) the matrices satisfy equations 

OaSJaA = Aft, 

where is a matrix, of rows and columns, which is of rank 

and A is a non-singular matrix of integers, having p rows 
and columns. 

By a finite number of repetitions of the argument given 
above, we ])rove immediately that the period matrix of a 
complete set of integrals is equivalent to 



is a ])ure period matrix. The integrals can also be arranged so 
that their ])eriod matrix is 



50*3. We now show that the reduced form of the period 
matrix of a complete set of integrals is, essentially, unique. 
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Suppose, indeed, that the period matrix of a complete set of 
cr forms can be reduced to 



where is a pure ])criod matrix having period cycles 

p ) • • • j p > 

and suppose that it can also be reduced to the form 



where is a pure period matrix having period cycles 

/1 6* i f S’/ -1 + 1 /i-S’l-f ...'f 


If 


n = cjtAi 


(i= = = i’4!;), 


there exists an equation 

ot^ii = AO, 


where a is a non-singular matrix of cr rows and columns and 
C = {cij). We write this as 





where each of the elements is a matrix and 


0 ... 

0 < 

\ «(i) 

has rows and columns. The matrix equation implies 
that is, a.% C*?' {h = 0,...,p), 


II H I 
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when we consider the integrals of different types separately . 
Let rj*, be the numbers of rows in that is, the ranks 

of these matrices. Since of/) has rows and columns, its 
rank pH satisfies the inequality 

p)l ^min 

Now, and are non-singular square matrices. Hence 
the matrices a^'^‘ and have the same rank, say. 

There exists a non-singular matrix P^/) of 6'^*^ rows and columns 
such that 



where is a matrix with pH rows. There also exists a uni- 
modular matrix of integers D^'^' so that 

where B'' has rows. The equation 

= A^>C‘V 

then gives 

where is the matrix of the elements in the first p)^ rows 
and p^i columns of h This equation implies that 

the matrix cannot be a pure period matrix unless either 
= 0 (A = 0, orpf = r'l {h = 0, 

We consider the second case. In this case we obviously 
have p*’ = Tp Moreover, since 

|0|/<min(5^,r5), 

we have s'l ^ rf. Also B^ is not singular. The equation 
can be written as 

= (1,^,0) P^-,A^)(D‘VB« 
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where is the unit matrix of A rows and columns. Hence, 
since is non-singular, we obtain the equation 

where Y<^) = (1^,0) Pg, 

and 

In the same way, this shows that would be impure, unless 
PV = (^ = • • • j H ence we conclude that if Vj ^ = 0. 

If Tj = 5,-, is either zero or a non-singular square matrix, 
and in the latter case Sl^^\ are equivalent period matrices. 

Now suxqiose that are equivalent period 

matrices, and that {i > a) is not similar to From the 
result just [)roved, wc know that is similar to one A^*^ at 
least. Let it be similar to A^^^, ..., but not to A^^^ 0 >^^)- 
Then in the matrix a the elements in the first ar^ — as^ columns 
and the last a — br^ rows are zero, and the elements in the first 
hr^ rows and last cr — ar^ columns are zero. But a is non- 
singular. This is only possible if a = b. Therefore we conclude 
that the leduced forms A of the period matrix of the rr 
forms have the ])ropertics: 

(i) r = s; 

(ii) for a suitable arrangement of the period 

matrices and A^^^ are equivalent (i=l,...,r). Thus the 
reduced form of the period matrix is essentially unique. 

On the otlier hand, the pure complete sets of integrals whose 
period matrices go to make up the ])eriod matrix iS2 need 
not be uniquely defined. For if is similar to there may 
exist an equivalent reduced period matrix A in which A^^^ and 
A^^^ are similar to £2^^^ and £2^^^ and in which are not 

zero matrices. Thus, if £2^^> = £2^^> and £2^^^ is the period matrix 
of the integrals of 

P(h) ii=l,...,r^;h = 0,...,p), 
and £2^2^ is the period matrix of the integrals of 

{i=- l,...,r^;h = 0,...,p), 

the forms aPi^y + bQfi,^ (i = 1, A = 0, ...,p), 

14-2 
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where a and b are integers, form a pure complete set, whose 
period matrix may be taken as one of the component period 
matrices of another reduction A of 52. 

50*4. An important example of defective integrals arises 
ill connection with the p-fold effective integrals on ilf , when 
p < m. When we consider these as integrals on M[Vp), we have 
a complete set of integrals on this sub-manifold. In general, 
they are not effective integrals on but the results of 

§ 47*4 shows that if 

P(h) = Vip-h ) ! h !] 1 Pit.ip-M ••• ^ 2 ''- " (lrz>' ...dz)" 

is an effective p-form of type h on M, there exists an effective 
form 

Q(h) = [(^> -h)\h 

of type h on M{V^^) such that the integrals of PiH) and have 
the same periods on the effective ^>-cycles of Af(l^). The 
Rjj — lip -2 forms (/i = 0, ...,p) so obtained therefore com- 
prise a com[)lete set, which is a sub-set of the complete set of 
effective forms on TJiere therefore exists a comple- 

mentary complete set of effective forms on M(V^^) whose period 
(\ycles are tiie vanishing cycles oi M[Vp). 

5M.t Applications to problems in algebraic geo- 
metry. The applications which have been made of the theory 
of harmonic integrals to problems in classical algebraic 
geometry are somewhat scattered. In the following paragraphs 
we give a brief account of some immediate applications, but 
where an extensive knowledge of the geometrical theory of 
algebraic varieties is Jiecessary to the understanding of 
applications, we merely give references. In a later paragraph 
we shall give an account of some a])plications to the theory 

j* As explained in the pn'faoe, the follc»wing paragraphs merely summarize, 
lor the benelit of those interested in algebraic geometry, the more important 
applications which have been made of the results of this chapter. 
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of algebraic surfaces, but we first consider some general 
problems. 

We have already pointed out that a p-cycle of the manifold 
M is always homologous to a^-cycle lying in the sub-manifold 
which we have denoted by Miy^). The ineffective p-cycles of 
class h 1) are homologous to cycles lying in the sub- 
manifold In addition, an effective ^-cycle may be 

homologous to a cycle lying in a sub-manifold M{D), where D 
is an algebraic variety on of dimension less than p. In 
this case, D does not lie in a generic variety and usually it 
possesses some special geometrical properties. Let be any 
p-cycle of M. We say that P^^ is of rank k if there exists an 
algebraic variety D on , which may be reducible, of dimen- 
sion j) — ky such that P^^ is homologous to a cycle of M{D), 
The rank of a p-cycle clearly cannot exceed the integral part 
of hp. If}) = 2(/, and P^, is of rank </, we say that P^ is algebraic. 

We now ])rove that if 

PIU) (?:=l,...,T;,; ...,p) 

is a base for the harmonic forms on Jf, both effective and 
ineffective, where P(/i) is of type h and PJX) = Ptp-hh 
necessary conditions that a p-cyc^le P^ be of rank k are 



(i=l,...,T,,,; h = 0,...,k-l). 


It is clear that these conditions imply the further conditions 


I Plh) = 0 (i=l, h = p-ki-\,...,p), 

J rp 


ff Pp is of rank k, it is homologous to a cycle of M(D), where 
D is an algebraic variety of dimension p — k, lying on 

r 

If I) is reducible, we write it as I) = where Z)^, ...,Z)^ 

i 

are its irreducible components. Each is of dimension 
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p — k, at most. On M{Di) there exists a cycle such that 
Fj, fa X^Fp, on M. It is sufficient to prove that 





for each value of i. 

Let the dimension of be s^. Then is given, locally, by 
a set of equations 


2* =/a(«i. •••>««,) (A=l,...,m), 

2ft =/*(%.•••.««) (A=l,...,m). 

Since Sj < p — A, we have, on D^, if h<k, 


02 • 02 • 


- 0 . 

since 

and therefore 


Ip—h 

X dv }\, . . . . du'^^^ 


p — h>p — k^Sf, 


L 




(h<k). 


61*2. We have therefore found a set of necessary conditions 
to be satisfied in order that the cycle be of rank k. The 
question whether they are sufficient is of great importance in 
the application of the theory of harmonic integrals to algebraic 
geometry, but as yet it can only be answered in special cases. 
LefschetzLTl has proved that, in the case m == p = 2, the 
2-cycle F^ is algebraic if and only if 



for all algebraic integrals J Q of the first kind on M. This is 

equivalent to our condition in the only case which arises 
when m ~ 2. 
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We now consider the case p = 2, for any m. If the 2-cycle 
/ 2 is not homologous to zero (with division), it can be of rank 
one at most. We now show that if each algebraic double 
integral of the first kind on M has zero period on there 
exists an integer A, different from zero, such that ATg is 
algebraic. Exce])t for the introduction of the multiplier A, this 
is the same as ])roving the sufficiency of the conditions found 
in §5M. 

If 7^2 is any 2-cycle of M, there exists a non-zero integer A 
such that Ai^’g is homologous to an invariant cycle /’g ^(^)- 

The cycle F^ is algebraic if the harmonic integrals of multi- 
plicity two on ^ 

|Q(0)J 

which are of tyf)e zero have zero periods on it. We saw, however, 
in § 50*4, that the harmonic integrals on ^/(Tg) form a defective 
set, and that they can be decomposed into complementary 
complete sets, one having periods only on the invariant cycles 
and the other having periods only on the vanishing cycles. 
The necessary and sufficient coTidition that / g be algebraic is 
that the algebraic double integrals (i.e. the harmonic integrals 
of type zero) on J7 (T^) which have zero periods on the vanishing 
cycles should have zero periods on F'^. But the algebraic 
integrals in question are homologous (and indeed equal) to 
the integrals on Miy^) derived from the algebraic integrals on 
M (by § 47*4). Hence ATg is algebraic if 

f P<t,) = Af = 

J Ar, J r, 

for each effective integral of multiplicity two and type zero 
on M, 

Lefschetz has shown [7] that the necessary and sufficient 
condition that a (2m-2)-cycle r 2 m -2 be algebraic is that the 
2-cycle Pg = P 2 m -2 • be algebraic. The condition for this 
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for each effective 2-form P§,) of type zero on M, But, by § 45*1, 


f -^(0) “ ^m-2 I -^(0) ^ 

Jr, J 

and it follows the necessary and sufficient condition that 
J\m -2 be algebraic is that the harmonic integrals of multi- 
plicity 2m -2 and type m-2 should have zero periods on 
Am- 2 * ^bow that any closed (2m - 2)-form 

of type m - 2 is homologous to a harmonic form of tyi)e m-2, 
and hence the necessary and sufficient condition that p 2 m -2 
be algebraic is that the closed (2m — 2) -forms of type m — 2 
have zero periods on it. 


51-3. As an examfdc of the use which can be made of the 
criterion that a cycle be algebraic, we refer briefly to the theory 
of correspondences between two irreducible curves C and D, 
of genera p and q respectively [13, 8j. We denote by x a general 
point of (7, by ji, ..., 72 p ^ fundamental base for the 1 -cycles 
of the Riemann surface of ( 7 , and we denote this Riemann 
surface by C. Similarly, y, 8^, ^he O-cycles, 

1 -cycles, and 2-cyclc of the Riemann surface of D. Let C xD 
be the product of C by D, and denote its Riemannian manifold 
by the same symbol. 

Suppose that Ave are given an algebraic correspondence T 
between G and D, in which to a point of C there correspond yff 
points of 77, and to a point of D there correspond a points of C. 
Let Ji be transformed into T{yi) of 77, where 

T(7c)-bi8j, ( 6 ) 

and similarly let 8^ be transformed by the reverse trans- 
formation into T-^8i) of 0, where 

(V 

On the surface C xD the correspondence is “represented” by 
the curve which represents the point-pairs xxy related by 
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the correspondence. This curve is an algebraic 2-cycle F, and 
it can be proved that 

F'^ pc xy ccx'x.D + x 
where € = yb = —(5a)'; 

here b = (bj), a = 

and Y, 8 are the transposes of the inverses of the intersection 
matrices of the 1 -cycles on (7, i). 


Let 

jdUi 

{i — 1, 





be the Abelian integrals of the first kind attached to 0, D, 
respectively, and let their ])eriod matrices be to, v. Then the 
algebraic double integrals of the first kind on C x D are the 
2)g integrals 

^diii X dvj. 

Since F m algebraic, 

J du^xdvj^O (/*= 1, i= 1> •••>9')) 

from which we obtain the matrix equation 

tO€v' = 0. 

This is, essentially, a classical result due to Hurwitz[6]. 
Conversely, suppose there exists a relation 

CO€v' = 0 

connecting to, v, where e is a matrix of integers. Then this 
condition implies that 

F^ pc xy + axxD x 8^ 

is algebraic, whatever values we give to a, p\ and a simple 
geometrical argument is sufficient to show that a, P can be 
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chosen so that the cycle represents an eflfective algebraic 
curve. This curve defines a correspondence between 0 and D 
in which the 1 -cycles are transformed according to (6) and (7). 
The correspondence is of valency zero if and only if 

€ = 0 , 

and the result shows that the number of independent “sin- 
gular” correspondences between C and D is the number of 
independent matrices € for which 

tO€V' = 0. 

For a more detailed account of this theory, and for further 
developments, the reader is referred to a paper by Lefschetz [8J. 
A partial extension to correspondences between surfaces will 
be found in [ 5 ]. The reason that the extension is only partial 
is that we can only apply necessary conditions that a 4-cycle 
be algebraic. 

52*1. Some results for surfaces. We conclude this 
chapter by referring to certain special results which we can 
deduce for algebraic surfaces. We first make a deduction from 
the fact that any algebraic integral of the first kind is harmonic, 
and therefore cannot have all its periods zero. 

Let us consider an algebraic surface of order n, lying in a 
space of three dimensions and having ordinary singularities, 
whose equation in non-homogeneous coordinates is 

f(x,y.z) = 0. 

Severi[i6] has defined a semi-exact integral on to be an 
integral of the form 

^Rdx-\- Sdy, (8) 

where R, S are rational functions on if the integral is such 
that on every curve of it defines an Abelian integral of the 
first kind. Clearly, such an integral is birationally invariant, 
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and it can be expressed, in the neighbourhood of any point 
of V 2 , in terms of local parameters u, v in the form 

j Pdu+Qdv, 

where P, Q are analytic functions of u, v. Therefore 



which is equal, locally, to 

is finite everywhere on 1^, and, since it is the integral of a null 
form, has no periods. But the double integral is algebraic, and 
therefore, since it has no periods, we must have 

0 

dx dy 


In other words, every semi-exact integral is the integral of a 
closed form, that is, it is an algebraic simple integral of the 
first kind (usually called a Picard integral of the first kind) 
on 1^. Now let us consider the integral (8) on the curve 
a: = constant. The function S must be a polynomial A, adjoint 
to f{x, y, z), of degree (n — 3) in (y,z), over dfjdz, that is. 



where we have written/. = dfjdz. Similarly we may write 



where B is an adjoint polynomial, of degree (ri-3) in (x,z). 
By considering the behaviour of the integrals at infinity we 
see that A and B are of degree {n - 2) in (x, y, z). 

Next, we consider what the integral becomes when we take 
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{y,z) as the independent variables. To do this we eliminate 
(lx by means of the equation 


and obtain 
where 


f^dx+fydy+f^dz = 0 , 
jsdx + Sdy = 

^ AL+Bfy 


Exactly as before, we j)rove that C can be taken to be equal, 
on 1^, to a polynomial of degree (n — 2) in (x, y, z) and of degree 
[n — 3) in {x, y) adjoint to f(x, y, z), and we have a relation 




where D is a polynomial of degree (r^. — 3). The integral can 
also be written as 


J 


Cdx — Adz 

Tr~ 


The integrability condition is 


UzJ L \ fj h \ fzl 


(u = 0 


and this reduces to 


dA dB dC 
dx'^ dy~^ dz 


= D 


( 10 ) 


on 1^. Since each side of this equation is a ])olynomial of degree 
— 3), it follows that (10) is an identity. 

Severi has further shoAvn that if there exist poly- 
nomials B, C, D, of the given degrees, A, B, C being adjoint 
to /, which satisfy (9), we necessarily have 

A = x(f)-{- a, B = y(l> + /i, C = z^ + y, D =n(f) + S, 

where ^ is a homogeneous polynomial of degree (n — ^), and 
a, y are of degree (n — 3), while S is of degree (n — 4). It now 
follows easily (Picard and Simart[ioi) that equations (9) and 
(10) are necessary and sufficient to define a Picard integral of 
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the first kind on Equation (9) is a sufficient condition in 
order that fBdz-Ciy 

1 L 


should be a semi-exact integral. But we have just seen that 
a semi-exact integral is necessarily closed. Therefore (10) is 
satisfied, and equation (9) is sufficient to define a Picard 
integral of the first kind on the surface Tg* 

Severi goes on to make an interesting deduction. The 
equation A = () 


defines a surface of order (n — 2), adjoint to Tg? ^vith the 
following properties. It j)asses through tlie points of 1^ which 

/,-o, /.-o, 

that is, through the Jacobian set of the pencil of curves cut ))y 
the planes x = constant. Moreover, it passes through the base 
points of this pencil. Severi shows that if ^4 is any polynomial 
of degree {n — 2) which defines a surface 

.4 = 0 


satisfying these conditions, there exist unique polynomials 
B, C, D such that A, B, C, D satisfy (9). Hence the number of 
inde])endcnt Picard integrals of the first kind is the number of 
linearly independent polynomials 4. Stated geometrically, 
this result becomes: 

Let 1 E 1 be a proper system of curves on and let \ | 

be a pencil belonging to \E\, and | E' | the system adjoint 
to \ E\. The number of independent Picard integrals of the first 
kind on is equal to the number of curves of the complete system 
\E-\-E'\ which pass throuxjh (a) the Jacobian set of \E^\, 
(b) the base points of \E^\. 

Finally, Severi shows that the curves of \E-\-E' \ whicli 
j)ass through the set {a) all pass through the set (6). 

It is a well-known theorem ([15] and L7j) that the number of 
independent Picard integrals of the first kind is Pg—Pa, where 
Py is the geometric genus of Fg , and p^ its arithmetic genus. 
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52*2. We now consider a second application of the theory 
of harmonic integrals to algebraic surfaces. Let p be the 
maximum number of linearly independent 2-cycles of the 
surface which are algebraic, and let 

be a base for them, where 1) arc effective cycles. The 

intersection matrix of these cycles is non-singular (Sever! [14]), 
and therefore, as in § 50, we can choose R>^—p further effective 
cycles so that r\, F^^'^ form a base for the effective 2-cycles 
of M, and 

(y’|.7’|) = 0 (i<p-,j^f)). 

A birational transformation affects only the algebraic cycles, 
hence the cycles F^, F^^* ^ are absolutely invariant. They 
are called the transcendental cycles of M. We write the inter- 
section matrix for the effective cycles as 



where is a symmetric matrix of p — 1 rows and columns, and 
Rg is a symmetric matrix of — p rows and columns. Both are 
non-singular. Now let us write the effective integrals as a 
comjffete set, viz. 

(i) the algebraic integrals (i = 


where Pg — p9y is the geometric genus of ; 


(ii) 


\Qi 

{i = 1, . 


where 

Qi 

= Qi-, 



(iii) 

J 


(i = 1, . 

-jPg)9 

where 

Ri 

= Pi> 



and let the period matrices of the three sets be SI, A, J2. 
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The matrix A satisfies the equations 
£2(a-YA' = 0, 

£2(a-i)A' = 0, 

but, since A and a are real, we need only consider the first set, 
S2(a-i)'A' = 0. 

Any real set of solutions of 

n(a-i)'x = 0 

is a set of periods of a linear combination of the integrals (ii). 

Since the first p—V cycles are algebraic, we have, by 
Lefschetz’s theorem (§51-2), 

a = (0,u>), 

where <0 has R^—p columns. The equations to determine A 
are therefore 

(0,a>[a2iJ')A = (). 

Therefore, by rearranging the integrals (ii) we can take A to 
be of the form 



where is the unit matrix of p — 1 rows and columns. Hence 
the effective integrals form a defective set, and can be resolved 
into the two complementary complete sets: 


(a) 

r* 



ib) (i) 




(ii) 

J'«< 

{i=-p,. 

1 

1 

(iii) 

J*‘ 
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Now apply to these two sets the theorem of § 47*1. We obtain 
the results 

(а) Ri is a positive definite matrix; 

(б) /n\ /-h, 0 o\ 

(a2 7(n'AiS2')= 0 h, 0 , 

\r/ \ 0 0 -hj 

where /bj 0 0 \ 

0 h, 0 

\o 0 hJ 

is a i)ositive definite Hermitian matrix. Hence Rg is a matrix 
whose signature is R^—p — ^pg. Thus a^, ag are symmetric 
matrices whose signatures are p—\,R 2 — p — 2pg, respectively. 

[n interpreting these results, the reader should remember 
that if V 2 is of order n, 

(ri.n) = -n. 

In other words, our conventions of orieTitation are such that 
a ])ositive geometrical intersection corres])onds to a negative 
topological intersection. It is therefore convenient in con- 
nection with the present results to change the orientation of 
M so that the parameters ^^ 4 ) are concordant with 

the orientation. Tiie first theorem becomes: 

I. The signature of the intersection matrix of the trans- 
cendental '1-cycler of M is 2pg. 

For the algebraic cycles, we now consider tlie intersection 
matrix of the p cycles Then we have 

II. 2^he intersection ynatrix of the curves of a base on an 
algebraic cycle has signature 1 . ( Jeometrical proofs of this last 
theorem have been given by Segre[i 2 i and Bronowski[i]. 



225 


REFERENCES 

1. J. Bronowski. Journal of the London Matimnatical Society, 13 

(1938), 86. 

2. G. Castjslnuovo and F. Enriques. Annales de V^cole Normale 

Superieure (3), 23 (1906), 339. 

3. L. E. Dickson. Modern Alyehraic Theories (Chicago), 1926, p. 71. 

4. W. V. D. Hodge. Journal of the London Mathenmtical Society, 

12 (1937), 280. 

5. W. V. D. Hodge. Proceedings of the London Mathematical 

Society (2), 44 (1938), 226. 

6. A. Hurwitz. Mathematische Amuilen, 28 (1887), 561. 

7. S. Lefschetz. Analysis Situs et la Geometrie Algehrique (Paris), 

1924. 

8. S. Lkfschetz. Annals of Mathetnalics, 28 (1927), 342. 

9. G. Mannoury. Nieuw Archief voor Wiskunde (2), 4 (1898), 112. 

10. E. Picard and G. Simart. Th-eorie des Fonctio?is Algebriques de 

deux Variables, vol. I (Paris), 1807. 

11. H. Poincare. American Jour^ial of M athematics, 8 (1886), 289. 

12. B. Segre. Annali di Matetnaticxi (4), 16 (1937), 157. 

13. Severt. Memorie dellu Reale Accademia di Torino (2), 14 
(1904), 1. 

14. F. Severi. Mathematische A nnalen, 62 (1906), 194. 

15. F. Severi. Atti della Reale Accademia nazionale Lincei (5), 30 

(1921). 

16. F. Severi. Atti della Reale Accademia nazionale Lincei (6), 7 

(1928). 

17. O. Zartskt. Algebraic Surfaces (Berlin), 1935. 


HHI 


15 



Chapter V 


APPLICATIONS TO THE THEORY 
OF CONTINUOUS CROUPS 

In this chapter we consider tlie application of the theory of 
harmonic integrals to spaces which possess continuous groups 
of transformations into themselves. It will be shown that when 
a space possesses a continuous grou]^ of transformations into 
itself, and the group 1‘ulfils certain general conditions, a 
Itiemannian metric can be defined in the S])ace by means of 
this group, and the harmonici integrals associated with this 
metric are invariants of the grou[). It will be shown that these 
invariants are, in fact, the same as certain invariants which 
have been discussed by CartanL-'J. The main purpose of this 
chaj)ter is to show how harmonic integrals provide a con- 
venient method of disemssing the invariants of Cartan. 

53. Continuous groups . For the j)urposes of this chapter, 
some knowledge of the elements of the theory of continuous 
groups must be assumed. The results which the reader will 
require to know can be found in any standard treatise on con- 
tinuous grou[)s. For his convenience we shall make our refer- 
ences for results in Lie’s theory of grou])s to the work of 
Eisenhart[.‘P, and for results taken from the topological theory 
of groups the reader may consult the monograph of Cartan [ij. 
But in order to explain our ax)proach to the subject, and to fix 
our notation, we shall begin this chapter with a summary of 
the theory which we ])ropose to make the basis of our later 
investigations. It should be noted that in some respects we 
impose certain limitations on the spaces and groups considered 
which are unnecessary in the general theory of continuous 
groups; the reasons for these restrictions will, however, be 
apparent later. 
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53* 1 . Let V be an orientable manifold of class u, of n dimen- 
sions. Since the only transformations of coordinates on V 
which we have to consider are analytic transformations, the 
class number u is of no importance, and we may, if we wish, 
suppose that V is an analytic manifold. The condition that V 
should be an orientable manifold is essential for the theory 
which will come later. 

A transformation T of the space F is a correspondence 
which relates each point P of F to another point P' of F, in 
such a way that tlie correspondence between P and P' is 
one to one, without exception. As P describes the wliole 
manifold F, P' also describes the whole manifold, and, given 
any point ^ of F, there is just one point (/ of F such that, when 
P' is at Q, P is at Q\ The transformation which takes Q into 
Q' is called the inverse of T and is denoted by T~^, The trans- 
formation wliich takes each point of F into itself is called the 
i dem Uty tran sformation . 

Instead of considering a single transformation T of F, vv e 
now consider a set of transformations of F, which are in one to 
one correspondence with the points of a space M, For the 
l)ur])oses of this (jhapter, we confine ourselves to the case in 
which M is a manifold of r dimensions. It will appear later that 
the manifolds M which we have to consider are of dimension 
three at least, if A is any point of ilf, we denote the corre- 
sponding transformation by T^, The set of transformations is 
said to form an /--parameter continuous grouj) if the following 
properties are satisfied: 

(i) if P| is any transformation of the set, the inverse trans- 
formation ^ also belongs to the set ; 

(ii) if Tj and Tj^ are any two transformations of the set, 
and 7^ takes the point P of F into the ])oint P', and Tj^ takes 
the point P' into P", there is a transformation of the set 
which takes P into P", for all points P of F. This trans- 
formation is called the product of the transformation 3^ by 
Th, and is denoted by 


15-2 
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(iii) the rule for forming the products of transformations 
obeys the associative law, that is, if 


then TfjTx^TyT^. 

Throughout this chapter, we assume that the sets of trans- 
formations which we consider satisfy these conditions. We 
further assume that the following conditions are satisfied. 
JjCt (5^, ..., 5,.) be a local coordinate system on M valid in some 
neighbourhood, and let A be any point of this neighbourhood. 
The transformations Tj transform the points of a neighbour- 
hood N of V into points of a neighbourhood N of V, If 
(XjL, is a coordinate system valid in N, and 

is a coordinate system valid in N, the transformation Tj, 
where A has coordinates ...,5^), transforms the point P, 
whose coordinates are into the ])oint P' whose 

coordinates (.r^, are given by 

^ (i= 1, (1) 


the functions being real analytic functions of (x^, and 

I 

of (sj, ...yS^), and the determinant l being different from 

dXj j 

zero at any point of N, for all ])ositions of A, 

Again, let be local coordinate systems 

on M, valid in neighbourhoods and M^. If A is any point of 
M^, and B any point of ilfg, we assume that as A and B vary in 
their neighbourlioods the product transformation — Tj^T^ 
defines a set of points C on M which lie in a neighbourhood 
M^. If (^ 1 , ...,4) is a local coordinate vsystem valid in 
C is determined by the equations 




where the functions are analytic in {s ^, and in (^i, .. ., 
Finally, we assume that the group of transformations on V 
is transitive, that is, that there exists a transformation of the 
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group which transforms any assigned point P of F into any 
assigned point P' of F. This implies that r ^ n. 

The conditions which we liave imposed imply that the 
groups to be considered are of the kind known in group theory 
as transitive, closed, Lie groups. 


53*2. By using the i)roperties of groups which we have 
stated above, it is shown in the standard works ( [3], p. 18) that 
if we eliminate , . . . , ) from equations ( 1 ) and the equations 


95;; a .. ^ 


dx'. 

we obtain (3) 

where, for each a, ^a(x') is a contravariant vector at the point 
(^ 1 , on F which is independent of {s^, ...,5^), the com- 

ponents of tlie vector being given in the coordinate system 
(^ 1 , and where A^^(s) is a co variant vector at the point 

(^ 1 , on M, which is independent of {x[y The sum- 

mation is from a = I to a — r. The vectors (a= 1, ...,r) are 
linearly indejiendent, in the sense that there exist no constants 
c^, . . . , c^, different from zero, such that 


= 0 . 

Similarly the vectors arc linearly independent and the 
determinant | ^" | is never zero. Hence v\^e can find a set of r 
contravariant vectors A% {a=\, on M such that 

Af,{s)A’^{s) = 8l 

The vectors are determined by the transformations of the 
group, as a set. But we can replace them by linear com- 
binations (with constant coefficients) of themselves. Let 

= (a=L,...,r), 

where (a, 6= 1, ...,r) are real constants, and \u^ | ^0. We 
can find real numbers ?;g(a, 6 = 1, ..., r) such that 

uUi = K- 
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If we write = 

we have rf]^ = u^^i, 

— ri j« 

— ba-^a> 

r)r'. 

and hence = ^iKx') 

The set of vectors (a= I, ...,^) therefore be regarded as 
the coin])onents of a co variant vector in a space of r dimensions, 
which we shall call the vector space associated with the grou]). 
In this vector space the allowable transformations are those in 
which the coefficients in the equations of transformation of a 
vector arc constants, and have a non-singular determinant. 
The r vectors (a=l,...,r) on ilf then determine a con- 
travariant vector in this sjiace, and the vectors Aff determine 
a covariant vector. 

The ecjuations (3) are called the fundamental equations of 
the group, and the vectors ^^e called the fundamental 
covariant vectors on V. When the coordinate system in the 
associated vector space is fixed, there is a vector defined at 
each ])oint of V, uniquely for each a. Similarly A% A% are 
respectively the fundamental co variant and contravariant 
vectors on M, 


53*3. The fundamental equations of the group are differ- 
('iitial equations which determine (a;i, ...,iF:') as functions of 
(.Si, when the initial values are pro])erly chosen. They 

are completely integrable. If we apply the conditions of 
integrability 

we obtain the equations 


- r<' £>■ 




'dx'j 




where 


= Af.Ai\ 


{dA^JA^X 

\ dsg ds^ ) ' 
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This last equation can also be written as 


Afi j/y __ pc Aa. 




(5) 


Since the vectors do not depend on ...,5^), and the 
vectors ^2 do not depend on {x[, it follows that 

is a constant. Clearly, we have 


and, since 


0 


^ab — ~~ ^biv 

ice 

. y If, ? 

“axj L“8*; ^aiUa«;l 

_ r/W pc \ nd ne. \ nd /U‘ 1 iri 


we have 


nd ne 


The numbers 0^^l^ (a, 6, c= I, are called the consUints 
of structure of the group. If we replace the vectors by vectors 
Va ~ ^Ud, replaced by 


iy\ = uPu'hfC^ 

*'(ib "W 'V> ''r pq' 

'^riius is a tensor of the associated vector space. 

Another tensor of the vector space is given by 

{J<d) ^^ad ^cb' 

This is a symmetric tensor. It is shown in works on continuous 
groups ( [3], p. 174) that for groups of the kind known as semi- 
simple, the determinant | | is not zero. Semi-simple groups 

are usually defined in terms of [)ropcrties of the invariant 
sub-groups of a grou]), and it is then shown that the necessary 
and sufficient condition that a grou]) be semi-simj)le is that 
I tJnb I ^ fi- purposes, however, it is sufficient to define 

a semi-simple group as a group for which | | ^ 0, but it is to 

be noted that this condition defines a class of groups which is 
important in other connections. Cartan ([i], p. 10) has shown 
that for a semi-simple group which is closed the matrix 
is positive definite. In this chapter we are only concerned with 
closed semi'simple groiips. 
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We take the tensor as the metrical tensor in the vector 
space. There exists a contravariant tensor such that 

and the tensors g^^, be used to raise and lower indices. 

We shall write 

^abc ~ Oad^bf 

Now G^, = C%Cl^Ct 

= CS,[CUC% + C'UCU 
= GiAOf,aCU-Cl^^C'l^] 

= -Goac- 

Hence ^ skew-symmetric tensor of the vector space. 

We shall find it convenient in raising and lowering indices in 
tensors such as to observe the convention that when we 
raise an index which is on the left at the bottom we place it on 
the riglit at tlie top. Thus we write 

= Cr. 

With this convention we have, for instance, 

<r^Gi,i = -r^c\ = -cr, 

and it follows easily that 

fUlc _ f^ca 

53*4. Let us now consider the manifold J/, whicli we call 
the grouj) manifold. Let A and B be any two points of 31, and 
let Tf^T^ = T(j. This relation defines a transformation of 31 
which takes the point A into the point C. For each point B of 
M there exists sucli a transformation of 31, and it can be 
verified tliat these transformations form a transitive group, 
and, since tliere is one transformation of this group corre- 
s])onding to each point B of 31, M is also the grou]j manifold 
of this new group. We call this group of transformations of M 
the left-hand translation group. 
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The equations of tlie transformations of the left-hand 
translation group are the equations 


Si = ( 2 ) 

where (^i, and (s^, ..., 5 ') are the coordinates 

of A, B, C, res])ectively. We can form the fundamental 
equations of the group, and it is shown ( [3], p. 23) that 


04 

04 




( 7 ) 


where A^, A^ are the vectors defined in §53*2. Forming the 
conditions of integrability of these equations, we obtain the 
equations 






4 —4^ — (y A ^ 
()s' 0.S‘' 




(•">) 


which we have obtained above. Thus the left-hand translation 
group has the same constants of structure as the group of 
transformations of F. 

Equations (7) can be used to show that the manifold M is 
orientable. To see this, let us fix some point of M, say the 
point 0 which represents the identity transformation, and let 
N be a neighbourhood of (?, and (s ^, ..., 5 ^) a coordinate system 
in N, Consider the set of neighbourhoods iV^T of M, where the 
])oints of iVj. re])resent the transformations T 4 T as ^describes N, 
There is one such neighbourhood for each transformation T 
of the group, and the set of neighbourhoods covers M. By 
the theorem of Heine- Borel, there exists a finite number of 
transformations such that the neighbourhoods 

iV^ = Nrj.. {i=V,...,p) cover M. We fix a coordinate system in 
Ni by the condition that a point P of has the same co- 
ordinates as the point of N which represents the transformation 
TpTj^. If we can show that any two of these coordinate 
systems which are valid in a neighbourhood are like in this 
neighbourhood, it will follow that M is orientable. 

Let P be any point common to and Np and let the trans- 
formations Tp Tp Tj 1 be represented by the points A^ and 
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Ap which lie in N. If has the coordinates {sj, ...,4) and if 
Aj has the coordinates (s{, the law of transformation 

expressing the coordinates in Nj in terms of the coordinates 
in Nf is the particular case of (2), 

4 = 


where (r rejjresents the transformation TiT^^. Hence, by (7), 
we have 




ds 


i 

fi 




and therefore 


341 


= \Al 



A, • 


Now the determinant \A^^ \ lias the same sign at all points 
of N, and hence 


and it follows that the coordinate systems in iV^, are like 
in a neighbourhood of P. Thus M is orientable. 


53-5. The equation 

rp rp _ rp 

serves to define another group of transformations on M, which 
we call the right-hand translation group. This group is com- 
posed of the transformations which take the point B into the 
point C, one transformation corresponding to each point A 
M. The fundamental equations of this grouj) are 

where the vectors A%, A^ can be determined without difficulty 
([3], p. 28). We choose a base for the set of vectors A^ so that, 
at the point 0 which represents the identity transformation, 

Ja _ Ja 
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(i) = 


and (ii) 


“ ds^ " " \ ’ 


and indeed the vectors A^, be defined by these pro- 

perties. 

The conditions of integrability of the fundamental equations 
of the right-hand translation group are found to give the 
equations _ _ 


A^, 


dA% -r, dAj, 


ds. 




a 
C i 


where C%f, + G^ab = b. 


53-6. The results which have been sketched in the preceding 
paragra})hs, and which will be found proved in detail in any 
textbook on the theory of continuous grou])8, include every- 
thing required for use in this chapter. We are now ready 
to begin the particular study of this cha]>ter, which is the 
behaviour of tensors on a manifold possessing a transitive 
closed semi -simple group of transformations, under trans- 
formations of the group, in particular we are interested in the 
skew-symmetric covariant tensors which are invariant under 
the transformations of the group. These define invariant 
integrals of the group. It is shown that the group defines a 
Riemannian metric on the manifold, and that the harmonic 
integrals associated with this metric are amongst the in- 
variant integrals, and in the case of the translation groups on 
a group manifold we are able to deduce in this way certain 
topological properties of the manifold. 

We shall be concerned with tensors on F, tensors on M, and 
tensors in the associated vector space. However, we never 
have to consider V and M simultaneously, though we have to 
consider each in turn in conjunction with the vector space. 
Thus, we are at any stage only concerned with two sets of 
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tensors, and it is convenient to make certain conventions with 
regard to notation. When we are dealing with the manifold V 
and the vector space, we shall use Latin letters for the indices 
of tensors in V, Greek letters for the indices of tensors in the 
vector space. Thus, for we shall write 

When we consider the group manifold M, we are only con- 
cerned with the translation groups, and for these groups V 
and M coincide. The fundamental contravariant vectors for 
the left-hand translation group are the vectors A^, and, 
regarding the manifold as the manifold F, we replace these 
by Then we adopt the conventional use of Latin and 
Greek suffixes explained above, and write the vectors as 
We also have to consider the right-hand translation group. 
We shall denote the fundamental contravariant vectors of 
tliis group by these vectors being the vectors previously 
denoted by A%, 

541. Geometry of the transformation space. In this 
paragraph we are only concerned with the variety F. The 
infinitesimal transformations of the group are given \>j 
where 

x\ = 

e* being an infinitesimal number. Since the group is locally 
transitive, there is an infinitesimal transformation which takes 
a })oint x into any ])oint of its neighbourhood, and for this it 
is necessary and sufficient that the matrix (^i) should be of 
rank n. If we define by 

the matrix is positive definite, and there therefore exists 
a positive definite matrix {g^^) such that 

The Riemannian metric on V is now defined by the quadratic 
differential form g^dx^dxK It will be observed that the metric 
is determined completely by the structure of the continuous 
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group. We use g^j and to lower and raise Latin indices, and 
g^^ and to lower and raise Greek indices. 

Consider gf = 

We have = Hg^^g^kifi = 9%k = 

If r = », we have = Si, 

but if r > n, # S‘^, 

since (A^) is only of rank n. The tensor A^ of the associated 
vector space is of great importance in discussing the geometry 
of V. It has the properties: 


(i) 

= m = 0; 

(ii) 

II 

(iii) 


Further, if 

II 

then 

A®^ = 

Similarly, 

II 

II 

and 

A®AA^, = A®. 

54*2. We now define quantities 


6a 6fcg^^- 

The law of transformation of these quantities corresponding 
to a change of coordinate system on V is easily found to be 

dx„ dxjSxjc ^dxjdxji 

We may therefore take these quantities as the components of 
an affine connection on V. Since we shall consider more than 
one affine connection on K, we shall write the covariant 
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derivative of a tensor of weight W with respect to this 

connection as 


_ __ _ V : 

^ii...ip\h ~~ Zj irt Irfi.-.lp « 


r=l 




r-i 


We shall also consider covariant differentiation with respect 
to the connection whose components are Lfji , where 

I^fk-Lij = 0 , 

and in this case we shall denote the co variant derivative of 

Qt:t '^y 

Consider the fundamental relation satisfied by the vectors 

ri p _ py p (4\ 

If we multiply this by we obtain 

I'+iJi-s* - c;,gs. 

that is, = Cl/silfil. (8) 

Multiply again by and we obtain 

= (9) 

From (8) and (9), we have 

i)i\\k = ^l/3^y^k~’ ^ki) 

= (10) 

Expressions such as occur so often in the sequel 

that it will be convenient to write them as etc. Thus 


and so on. 
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54*3. Let us consider the covariant derivatives of the 
metrical tensor. 

h = 9“^ + 9“^^L I k 

= ci‘+C'^- = o. 

Similarly, 

= 0 , 

since - /t^‘) = - iih%) = *>• 

ff we write 1% = \[L)k+ ^c}\> 

and if covariant differentiation with respect to the symmetric 
connection is written with the comma notation, we have, 
by adding the two results, 

<fKk - 0 . 

Hence ^ == 0. 

ft follows that the components are the Christoffel symbols 
associated with the metric 

(jfjdx^dxK 

From (8) and (10), we have 

&,k = Gi48i-}hi), ( 11 ) 

and, as a corollary, 

gi.i = Gi^Si-iM) = h,‘yGlp(8S:-\K) = 0. 

Next, k = Giy(d} - ^h}) 

= giiGV{8^y-kK) 

= gfieilGyjf(8--\h-) 

= Gun-hK)- 


(12) 
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Similarly, we prove that 

= (13) 

Finally, a useful formula is obtained by multiplying (4) by 

Since {h1i-St)a = U-^l = 0, 

the left-hand side is zero, and we have 

= (14) 

55. The transformation of tensors. When a trans- 
formation of the group is applied to K, a tensor on V is trans- 
formed into another tensor. We are mainly interested in the 
conditions to be satisfied in order that a tensor be invariant, 
and for this it is suflicient to consider invariance under 
infinitesimal transformations, since a finite transformation 
can be built u|) from these. We therefore consider an in- 
finitesimal transformation x-^ x\ where 

x\ = Xi + e^il, (15) 

where we can neglect squares and products of To calculate 
the effect of this infinitesimal transformation on a tensor 
weight W, we proceed as follows. We first regard (15) 
as a change of coordinate system at the ])oint x. Then, after 
the transformation (15) has been a[)plied to the tensor, the 
components of the new tensor are given at x' in the original 
coordinate system by the values of the corresponding com- 
ponents of the original tensor at x in the new coordinate 
system. The difference between this and the value of the 
original tensor at the point x' gives the change produced in 
the given tensor at x' by the transformation. This change only 
differs from the change at x by quantities of the second order, 
and hence we have the expression for the change at x in the 
tensor produced by the transformation. We denote the given 
tensor at x by (^r), and the new tensor at the sariie 
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point by Q'ily/Jl (x). We then have (all in the original co- 
ordinate system): 




(X'\ I 




dxy ■” 0 a:'. dXh dXh 


= 1 § [«^:::.t (^) + < 21 ;:::?; 


0 P’’- 


_ V n^l ■ . . ., Jq 

r=l 


= QiV.'.t (»;)-£' 


r ^ . 0^“ 

a V jV 


'' . . S£^' a^'* 


- S 

r= 1 




Hence (•^') “ Qt:t (*') = - e“^a <2l‘;:.t, 

where Q?;:;;/; = <2^;;;;;/; + 1; <2?-;:::;-;:;fci;v;::.t £ 


9 a^’^. a^* 



= 4- V /"pi UC^ 

*SCt^ ^ ^i\...lr—ikir-\-i...ip^OL^ir 


- s (i 6 ) 

r = 1 

From the first form given for we have 

^■?/1 CP.'—h — ni.^—U 

0L^i\,,.ip ^%i,..ip\k' 

The condition that a tensor should be invariant for the 
transformations of the group can therefore be written 

i\om this we have zl^j/y = ^ 

-gM.i+^U 

= 0, 

by (12). Similarly, = 0, = 0. 


HHI 


16 
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It follows that the length of any invariant contra- 

variant vector is unaltered by the transformations of the 
groups. Again 

n ^ 

^li ...If— j Aj Ir-l 1 * • •'l-n 

r=l 

= ^u...u,^ik = 0 , 

and similarly, 

66 - 1 . Invariant integrals. A p-fold intogi’al 




dx '' ... do:*'’ 


is said to be invariant if = 0 (a = 1 , . . . , r). 

Now define Pa,...ap = - •■iX- 

Then, since = S}, 

we have Pu...i, = ^a....apC?,‘ • • • 

and Pn....rt fla,4 ~ ^ai...a»-,'yar+i...aB* (17) 


We have 


Pix..Ap,k - “* 

I r> ffi. P^p 

• ZmA CL\,,.CLr^\P CLt-\ i...ap ink * • * 3tr_i "Slf + i * * * 

rr, 1 

= “p S^^a....ar-i/?ar+i...'X/.*^arfc(^r ~ ••• 


by (17). Hence, 


td ^ 

^ct ^^ai,,.CLr-\P ar+i...ap 

X - PD}] iv. 

— r ^ P 4- V P I .. 

I^ba 0^ -^ai...ap ' ai...ar-x/J ar+t*»*ap araj bt, • • • btp • 
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Further, 


'pI 


- [a 3^^’...,..,+ CJ..] 


Now, by equation (13), 

a 


^^^H. = hyGfisyh%-hyci,hi 
We may therefore write 

P fir PrOt.^ 

by (14) and (17). Thus the equations 


^ - ^i) 0^2 - SI) - 0%.] 


^aPu,.Ap = 0 

can be replaced by 

= 0- (1») 

r=l 

Conversely, in order to find the invariant ^-fold integrals 
we have to find functions ... which satisfy (17) and (18), 
for a== 1, ..., r. In the case r = n, equation (17) is an identity, 
since 


We also observe that, on account of (18), if the tensors 
which define two invariant integrals are equal at any point 
of V they are equal at every point of V, Consequently, there 


cannot be more than 



invariant 2>-fold integrals which are 


linearly independent. 


i6-2 



244 


CONTINUOUS GROUPS 


[V, 56-2 

56-2. We now show that the harmonic integrals on V are 
invariant. Let 




be a harmonic integral. Since P is closed, 


1 ) 4-1 




r=l 


and hence ^ (- 

r = 1 

Therefore, 




r=l 


ipt V 


+ S 


r =1 

r = l 

Hence we have P 0. 

Since the metrical and numerical tensors are invariant, and 

we have (/l^P)* = 

where P* is the dual of P (cf. § 27*2). But, since P is harmonic, 

P*->0, 

and therefore, by the reasoning given abovre, 

zJ^P is therefore harmonic and homologous to zero; hence 

zl,P = 0, 

and we have established the required result. 
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As a corollary, we have the theorem that a manifold of n 
dimcTisions which admits a transitive, closed, semi-simple 
group of self-transformations has its pth Belti number not 


greater than 



56-3. Any invariant p-fold integral which is closed is equai 
to the sum of a harmonic integral and an invariant integral 
which is null. We now consider null invariant integrals. Let 

be a null invariant p-fold integral. We have 

= s(-ir' <2, -....o-.i. IV 

r=l 


and hence 


Now 

s =1 


tk p 
ba ^ kii... 

is lit i -^ip i-.-fc. 


where 

“ Xi ( ~ ^ i^a Qkjx...jr-tJr\ i -.Jp Xh r 



Hence /la^.c “ 

Since P is a null form, there exists an {n - /))-form U satisfying 

= P, 

by the results of Chapter in. Hence, since P is invariant, 

AJiU-A = 0 , 

that is, [djt H]®a; = 0 
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since we have seen that the operations of forming the derived 
form and of forming the dual form are interchangeable with 
the operator A^. It follows that 


A^ U 0, 

for otherwise 

would be a null harmonic integral. is therefore an invariant 
(p— l)-form whose derivative is P. We have therefore the 
following results concerning invariant forms: 

(i) the derived form of any invariant form is invariant ; 

(ii) any invariant null form is the derived form of an 
invariant form ; 

(iii) the dual of an invariant form is invariant. 


56*4. We have seen that the number of linearly independent 
invariant p-fold integrals on V is finite. Let this number be 
If is the number of invariant ^-fold integrals no linear 
combination of which is closed, the number of invariant 
p-fold integrals which are null is Every invariant in- 

tegral which is closed is the sum of an invariant null integral 
and a harmonic integral. Hence, if is the pth Betti number 
of F, 

+ + a/,-1- 

By (iii) of § 56-3, 

and therefore -f 

that is = - (a^_, a,,,,) 

Now an invariant function P satisfies 

dP 


and therefore 
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P is therefore a constant, that is, it is closed. Hence is zero. 
Now consider an invariant n-fold integral. It is the dual of 
an invariant 0-fold integral, and it is therefore of the form 



where ^ is a constant. If this integral is null, k is zero, and 
therefore must also be zero. Hence 

Let 

be the invariant (n—p— l)-fold integrals, no linear combina- 
tion of which is closed. Then 


Jt/' 

are invariant {n—p)-fo\d integrals, and 

are invariant j9-fold integrals. Suppose that there is a linear 
combination of these last integrals which is closed, say, 

Then /7j. 

is a harmonic integral which is null, and we conclude that 

(i^ 0 , 

which is contrary to our hypothesis. Therefore 

J(C70* 
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are invariant jj-fold integrals no linear combina- 

tion of which is closed. It follows that any invariant ^)-fold 
integral can be written in the form 


j(P + W^+U-), 

where P is a harmonic form, W is an invariant (p— l)-form, 
and 

U = a^U\ 


Now take 





to be the invariant ^-fold integrals, no linear combination of 
which is closed. By repeating the argument given above, we 
])rove that 


are a^, = ^71- p 1 invariant {n—p— l)-fold integrals, no linear 
combination of which is closed. Hence 


( W<Y = a) U> Jr (i = 1 , . . . , a^), 

where xjr' is a closed invariant form, and [a]) is non-singular. 

Let (b\) be the inverse of the matrix (aj). We replace U‘ by 
U' + bjiJ/K Since is closed, this does not alter = (f/’)®. 
With this new base for the invariant (w — p — l)-fold 

integrals, no linear combination of which is closed, we have 

(If)-* = a}UL 

Hence ( W ' = «}( W )® 

(c/y® = (WO"' 

= a)UK 


and 
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The forms W (i= 1, (i=l,...,a^) are uni- 

quely determined in this way as a set, but can be replaced by 
linear combinations of themselves with constant coefficients. 
It follows that the invariant factors of the matrix 

are numerical invariants of the grou]3 of transformations 
associated with the /j-fold integrals. There exists a duality 
relation between these sets of invariants, those corresponding 
to the multiplicity p being e(iual to those corresponding to 
multiplicity n— p — I . 

CartanLSj has shown that for spaces V with groups of a 
certain type, = 0 for all values of p. 

57-1. The group manifold. We now consider the 
a])plication of the results of §§56* 1-56*4 to the translation 
groups on the group manifold M. We recall (§53*6) that we 
write the fundamental vectors of the left-hand translation 
group as and the fundamental vectors of the right-hand 
translation group as rf^. Wc have, from the results of §53, 
the equations 



cj ^ V cj _ ny ci 

(5) 



(19) 

and 

_ pi 

(20) 


We begin by considering the left-hand translation group. 
Since this is a transitive, closed, semi-simple group, the theory 
of §§ 54-56 can be applied, and we assume the results of these 
paragraphs. But for the left-hand translation group we have 
r = n, and hence 



This simplifies the formulae considerably. 
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We first find the invariant simple integrals of the group. 
The necessary and sufficient condition that the integral 


J' 




should be invariant is that 

We show that these equations are completely integrable. The 
condition for this is 


- a, - \Vfl Ci, cr, + c% + a, q, = 0, 


that is, 

^ay ^ ij ^aj T" ^ 

that is, G}j etc - q, <• - C'f^ GJj = 0, 

or Gi, + C% + G}^ (7^,] = 0, 

which is satisfied on account of (6). 

We can determine the first Betti number of M by 
finding the number of invariant simple integrals which are 
closed. If 


jv^^idx^ = jv^dx^ 


is closed, then 






that is, + \v^ Cf,.] - [1^ + = 0. 


which reduces to 


= 0. 


Since (g^^) — is of rank r, the matrix (C{^) of r rows 

and columns is of rank r, and hence it follows that = 0. 
Hence there are no closed invariant sim])le integrals, and it 
follows that R^ — 0. 

It follows from this that the equations 
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have a unique solution taking a given value at a certain point* 
We can therefore find r sets of solutions, of these equa- 
tions (one set corresponding to each value of A, A=l,...,r) 
which take the values at the point 0 representing 

the identity transformation. We thus obtain r invariant 
integrals 

and for the left-hand translation group of M we have the result 
that the number of invariant simple integrals, no linear 
combination of which is closed, is equal to r. 

57*2. We now investigate the properties of the vectors 
just defined. We define by the equation 

Then 

d 


Hence, g— \C}u v'’y + Cl^ v} 


] 


= 0 . 


But, at the point 0, which represents the identity trans- 
formation, 

and therefore at every point of M we have 

Hence it follows that = Sa- 

By a similar argument we show that if 
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Since = 0 at 0, it is zero everywhere, and hence 

(21) 

everywhere. 

When we calculate co variant derivatives of with 

respect to the symmetric connection defined by the left- 
hand translation group, we obtain 

by equation (21); and 

^AJ- = 

= lct4Ui 

Again, + r^k 

' = l^iv}Cjk + J"jk 

— 'l^jk ' ^ jk 

= 4 ,- 

This last equation, and the condition that 
sufficient to show that = rji, where iji is the fundamental 
vetitor corresponding to tlie right-liand translation group. We 
shall therefore write ?/„, for Q, in future. 

57-3. We now consider the integrals which are invariant 
Tinder the left-hand translation group. Consider the integral 

^(Xi...ap — Piy...ipVai Vocp* 


We define 
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Then 
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At the point 0 we have but this is not true at 

other points. The condition that the integral is invariant is 

•••’?“;) = 0, 

that is, ^JPa,...cLp) Vtl ■ • -C = 

that is, ^JPa^...ap) = 0. 

Hence Pa,...ap is a constant. Conversely, if Pa,...ctp is a constant, 


/ 


1 


;;n -ap Vt: -Vi^p dx‘' . . . dx^» 

is an invariant integral. Thus the number of invariant 
|)-fold integrals is . Since, in the notation of § 56-4, 

it follows that 


S(-l)^/2p4-(-ira, = i:(-l)^| ==0, 


/; -0 


/)=() 


and since = 0, it follows that the Euler- Poincare invariant 

r 

2 ( — 1)^ o/ the group manifold is zero. 

0 

57*4. Let us now consider the integrals on M which are 
invariant under the right-hand translation group. The 
fundamental vectors are now the vectors rfl. We must 
therefore replace the connection 


[ i _ £i 




dxi 


by the connection 
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Since i(Lf^ + I^j) = = 1% 

the symmetric connection is the same as for the left-hand 
translation group. The metrical tensor gfj associated with the 
right-hand translation group is given by 

9*3 = gafiVlvi 

and hence at 0 we have gfj = g^^. 

Also, gf^ and g^^ satisfy the same linear differential equations 

_ 4 e pa 1 pa 
0^^ (/aj ^ ik + 9ia ^ jki 

and + 

and from this it follows that g^^ = gfj everywhere. Thus tlie 
two translation groups define the same metric on the group 
manifold. 

The condition for the invariance of a tensor under 

the right-liand translation group is therefore 

Qiiy.'.ilwk “ fi- 

From equation (10) we can deduce that 

_ A 

billfc 

and it follows as above tliat the invariant p-fold integrals 
under the right-hand translation group are the integrals 

1^1 -Pa.. . .ap ... ill dx^'... > 

where P„ ^ is a constant. 

57*5. The most interesting problem which arises in con- 
nection with tlie group manifold M is the determination of the 
integrals which are invariant under both the left-hand and 
right-hand translation groups. If such an integral is 
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we have 
and 

Therefore 

and the conditions 
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Pix...ip,k ~ ® 
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r=l 

and Ph...ip-rr,s = ^ 

for a harmonic integral are satisfied. Thus every integral 
which is invariant for both groups is a harmonic integral in 
the common metric. Moreover, since the metric for the two 
groups is the same, the harmonic integrals must be invariant 
for the right-hand translation group as well as for the left-hand 
translation group. The integrals which we are seeking are 
therefore just the harmonic integrals. 


57-(). The condition for a harmonic integral can now be 
replaced by 

Pu,..ip,k ~ 

and Pi,..Ap\\k = 

The first of these can be written 




''dXk r=l 


and the second is simply 


Hence the harmonic integrals are obtained by solving the 
equations 

£ = 0 •••>") ( 22 ) 
r=l 


for the constants Pa^...oLp- We have thus reduced the problem 
of determining the harmonic integrals on and therefore 
the Betti numbers, to a ])urely algebraic problem. 
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We have seen that the first Betti number is zero. We now 
show that jKg is also zero. The equations to determine the 
invariant double integrals 

are O** = 0. (23) 

Permute a, j3, y cyclically and add the three equations obtained. 
We get 

2{P,^C% + P,^Ciy + P,,C\p) = 0. 

Using (23) we obtain Psa^yfi = 1^* 

Hence 0 = = P,,. 

On the other hand we have P3 > 0. For, 

= ^aS + 9aA.G\y Cfig + C^fix Cyil 

= ^\fiy + (by (6)) 

~ + ^Ayy? ^a(J = 1^- 

Hence dx^ dx^ dx^ 

is a harmonic integral of multiplicity three. 

We may sum up the facts already established concerning 
the topology of the group manifold of a closed semi-simple 
continuous group as follows: 

(i) the group manifold is orientable; 

(ii) Ri = R 2 = Rr~2 ~ Pr—1 “ ^3 ~ ^r-3 ^ 1 > 

r 

(hi) tlie Euler-Poincare invariant S ( “ 1)^ = 0. 

0 

67*7. The determination of the Betti numbers of the group 
manifold of a closed semi-simple continuous group has been 
reduced to the problem of finding the integrals on the manifold 
which are invariant under both the left-hand and right-hand 
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translation groups, and these integrals, we have seen, are just 
the harmonic integrals associated with the metric on the 
manifold determined by the group. We have reduced the 
problem of finding these integrals to that of solving the 
linear equations (22). But in practice it is found that it is 
simpler to find the invariant integrals directly, and by finding 
the number of invariant p-fold integrals to determine the 
Betti numbers. 

A semi-simple infinitesimal group is known to be the direct 
j)roduct of a finite number of simple groups ([3], p. 174), and 
when the decomposition of the group into simple groups is 
known the i^roblem is simplified. Let the simple groups be 
6?^, ..., Oy., the dimension of being We can then choose a 
basis for the fundamental vectors constants of 

structure satisfy the conditions 

= 0 

unless ^ 1 - 1 - ... -f ... -hr^, 

ri + ...+rj_i<y^<ri + ... + rg, 

for some s, and where the constants 

— ^1+ ••• Ij •••>^1+ ••• + 0 

are the constants of structure of G^. Let a numerical 

tensor (of the associated vector space) which satisfies equations 
(22). We consider the equations of this set for the values 
a = ... 1, ..., rj -f ... From these equations it 

follows that 

* 

P = HA 

where a numerical tensor of the associated 

vector space defining an invariant integral for 0^, Considering 
each value of s, we see that Pa,..,ap uiust be a linear com- 
bination of tensors of the vector space of the form 

p(D p(2) p(k) 

0.1.. .otp^ apj M.'.ap* 


HHI 


17 
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Further, we obtain the following algorithm for the pth Betti 
number of the group manifold M of the semi-simple group G. 
The polynomial 

— Rq -f Rx t Rj. V , 

where the coefficient R^ is the ith Betti number of M, is called 
the Poincare polynomial of G, Then, if ^^(1) is the Poincare 
polynomial of the simple group G^y the Poincare polynomial 

^ ... 

Thus in order to find the Betti numbers of the group manifold 
of any semi-simple grou]), we express it as the direct product 
of siiiii^le groups, and determine the Poincare polynomials of 
these simple groups. This brings us to the problem of finding 
tlie Poincare polynomials of simple groups, and we devote the 
remainder of this cha])ter to the study of these invariants for 
the main classes of simple groups. 


58* 1. The four main classes of simple groups. It is 

well known ([3], p. 180) that the closed simple groups fall into 

four main classes, with five isolated exceptions. The groups 

of these four main classes can be represented as groups of 

transformations . 

= a)z^ 

of the linear vector s])ace (z^, where the coefficients 

aj are real or complex numbers. The four groups are repre- 
sented as follows. 


(i) The unimodular group The matrices in this case are 

unitary and unimodular: a'a — I, | a | = 1. A unitary matrix 

a such that , t i , 

|a + IJ ^ 0 

can be written, in a unique way, as 

^ = (I/i“ 1“+ 


where a is a skew-symmetric matrix of real numbers, and p 

is a symmetric matrix of real numbers. If a^ is a unitary 

matrix such that , . , i 

lai + IJ =0, 
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the unitary matrices in the neighbourhood of it can be written 

Conversely, any matrix of these forms is unitary. The condition 

la| = l 

imposes one condition on the elements of a and p, and enables 
us to express /ffJJ as a function of the other elements. Hence 
the dimension of the group manifold is 


The infinitesimal transformations of the group are given 
bym»trioo» I. + a + ip, 

where + . . . -f- = 0 

on account of the unimodular condition. 


(ii) The orthogonal group In this case n is odd, 

72, = I, and the matrices a are real and orthogonal, and 
|a| = 1. If 

|a + I„| ^0, 

a can be written in the form 


where a is skew, and a similar representation can be given when 

|a + I„| = 0 . 

Thus r = ^n[n-‘ 1), and the infinitesimal transformations are 
given by matrices 

!„ + «. 

(iii) The orthogonal group In this case a is again real 
and orthogonal, and | a | = I . The properties of the group are 
different from those of the odd orthogonal group, but the 
representation is the same. 


17-2 
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(iv) The symplectic group In this case n, is even, n = 2u, 
and the matrices are unitary and satisfy the equation 


where 

If 


a'ya = y, 



a + 1„ 1 # 0, 


a can be expressed in the form 


a = (I„-^b)-MI„+|b), 


where 


/ a + iy P + iS\ 

\-p+'t5 a-iyj’ 


in which a is skew, and p, y, 8 are symmetric, and each is a 
real matrix of v rows and columns. The matrices in the neigh- 
bourhood of a^, where 

|ai-HJ =0, 


can be represented as before. Thus r = -|w(r + 1), and the 
infinitesimal transformations of the gro up are given by matrices 


We have thus obtained parametric representations of the 
groups. Each of them is closed. It is more symmetrical how- 
ever to use superabundant coordinate systems on the group 
manifold, and to represent the point corresponding to the 
generic transformation, given by the matrix x, by the 
elements xj of this matrix. The point will often be denoted by x, 
the symbol of the corresponding matrix. It is to be remembered 
that Xj is a function of r ()arameters (s^, ...,5^)- 


58-2. The method of finding the invariant integrals on the 
group manifolds of 0^, and 8^, is the same in prin- 

ciple for each group, and the differences are in the details. 
Let Q be any one of the groups, M its group manifold. We first 
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find the vectors rji on M. If is any covariant vector, consider 

the form 

and make tlie transformation s^s', where 

, 9 '. = + 

We have 

P,(s')ds'i = [p, (.) + €« 

= Pi{s) ds^ + e^A^P^ds^ 0{e^), 

Hence if P^ds^ is invariant, 

Pi(s')ds'^ = P^{8)dsi + 0(e^), 

and conversely. 

We have to find r independent I -forms which are invariant 
for transformations of the left-hand translation group. Let x 
be the generic transformation of the grou]), and let (Xj) = X“^. 
Consider the form 

= ^jrf4. 

and make the transformation x x' given by 
x' = (I„ + 6t)X, 

where (I„ + er) is an infinitesimal transformation of the group. 
(t is, of course, independent of the elements of x.) Since 

X"]dx'i = X^dzi, 

the form is invariant. We have such forms, and it remains 
to show that r of them are independent. At the point x = I„, 

L + = I„ + b 

is an infinitesimal transformation of the group, and a (1-1) 
correspondence is established between the forms 

and the infinitesimal transformations of the group. There- 
fore there are r independent forms Any integral which 
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is invariant for transformations of the left-hand translation 
group can therefore be written in the form 


( 24 ) 

where the coefficients are constants. 

By reasoning similar to the above we see that if a trans- 
formation x->x', 

x' = xa, 

of the right-hand translation group is effected, is trans- 
formed into 

A'ja4, (A)) = a-\ 

and the condition for the invariance of (24) is therefore 




This condition can be written as 



K, 

- 

dp 




■■■ 


= 

Pt:t) 

ds^ 

«! 

... 




J ip c 

... 

CCp 


Now if e^, are r arbitrary numbers, and 



then I^-fb is an infinitesimal transformation of the group, 
and any infinitesimal transformation of the group can be 
obtained in this way by suitable choice of e^, e**. If 
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ej, (a= 1, are p sets of r numbers, we obtain p 

matrices b(Q), corresponding to p arbitrary infinitesimal trans- 
formations. If we multiply the above equation by 



we obtain the result that 


gai 








Khii 


Hi) 


0)jp 


^(p)h 


(25) 


is a polynomial in the components of the tensors in the 
vector space of the transformation, which is unaltered by 
the transformation of the group. Conversely, we can reverse 
the argument to show that if (25) is invariant for all trans- 
formations of the group, where b^), ...,b(^,) arc p linearly in- 
dependent matrices such that I,, -f b(/,) is an infinitesimal trans- 
formation of the group, then (24) is an invariant integral. 
Now (25) is a polynomial in the com])oncnts of the p tensors 
which has the properties: (i) it is linear and homogeneous in 
the components of each of the tensors; (ii) it is invariant under 
the substitutions of the group; (iii) the substitution 


n = 2 ... p\ 

\^1 ^2 ••• ^/)/ 

performed on the tensors multiplies the polynomial by 8„, where 
is -f 1 or — 1 according as n is an even or an odd substitution. 


58-3. Conversely, let us consider a polynomial in the com- 
ponents of p tensors ^lh)j (A=l,...,p) which are linearly 
independent and are such that I„ + b(ft) is an infinitesimal 
transformation of the group. Suppose that this polynomial 
satisfies conditions (i) and (iii) above. It follows at once that 
it is of the form (25). If it also satisfies the condition (ii) it is 
invariant under substitutions of the group, and, as we have 
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seen above, the corresponding integral (24) is invariant under 
both translation groups on the group manifold. 

We therefore try to solve the problem of finding the in- 
variant integrals by finding the polynomials in the components 
of the tensors which satisfy conditions (i), (ii) and (iii). 
We may select the tensors 6(7, in any way we please, provided 
they are linearly independent and satisfy the condition that 
is an infinitesimal transformation of the grou]). In 
the following paragraphs we consider the groups of the four 
main classes separately, in each case choosing the tensors 
so that we can make use of a fundamental theorem in the 
algebraic theory of invariants. 

59* 1. The unimodular group L,,. If (24) is an invariant 
integral for the group and we make the substitution 2; ->2;', 

= kz\ 

the integral is unaltered. Hence any integral which is in- 
variant for transformations of the unimodular group is also 
invariant for the transformations of the more ample grou]i 
consisting of all unitary transformations. Conversely, any 
integral which is invariant for transformations of the more 
ample group is invariant for the unimodular group. We there- 
fore have to find polynomials of the form (25) which are 
invariant for the transformations of the unitary group. 

Since the unitary group depends on parameters, the 
matrices b are subject to no conditions. Let us take p contra- 
variant vectors PU and p covariant vectors Qf^ in the n- 
dimensional vector space. Then we may take the ^ tensors to be 

== Plh)Qf^* 

It is easily seen that the p tensors satisfy the condition of 
§ 58-3. We have to find polynomials in the components of these 
2p vectors which satisfy the conditions: 

(i) they are linear and homogeneous in the components 
of each vector; 
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(ii) they are invariant under substitutions of the unitary 
group; 

(iii) if the substitution n is made on the p tensors and 
the p tensors Qf^ simultaneously, the i)olynomial is multiplied 

by 

Using condition (ii), and the fundamental theorem of the 
theory of invariants of the unitary group [5j, we know that 
the polynomial must be the sum of terms each of which is 
a product of factors of three types: 

(a) factors of the form 




(6) determinants 


• ^(ht) 

and (c) determinants 

h„> . 







.. Qif"’ 


On account of (i), each factor of the tyj>e {h) must be balanced 
by a factor of type (c); and since the product of these two 
factors is 

... 

the polynomial is expressible in the form 
where the summation is over the p ! substitutions 



Conversely, any polynomial of this form satisfies (i) and (ii). 
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59*2. We now apply condition (iii). Let nf denote the 
operation of replacing 

in /, and write = (P(i) . • . (-P(p) Q*'’"’)- 

Then, if/ satisfies (iii), we have 

f=TU) = ~Y.8M 

Tt 

P- It p 

= ItapT{It,y 

p 

Now T{Rp) is itself a polynomial obviously satisfying (i) and 
(ii). If we can prove that it satisfies (iii), we shall then have 
merely to find the independent polynomials T{Rp). But 

(T P‘ 

Up P- 

Thus (iii) is also satisfied. Similarly, we prove that 
T{7tR^,) = S„T(R^). 

Also, ttR^ = (Pw Q<^->) {Pu,) ^'''>) . . . (P(v 

where the substitutions p, n, A, p satisfy 
A = np, A = pm. 

Hence mR^ = R„p„->, 

and therefore T{R„p^-,) = 8„T{Rp). 

From this it follows that if there exists an odd substitution 
m which is permutable with p, T{Ep) must be zero. We use this 
fact to show that, for certain substitutions p, T(Rp) is zero. 
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We resolve the substitution 


n 2 ... p\ 

\Pl P2 ••• Pp! 


into cyclic substitutions 


• 5 


where 




) 


is a substitution on 1, Suppose that, in the first place, 

one h, say is even. Let tt be the substitution which permutes 

cyclically. Then tt is odd, and it 

permutes with p. Hence 


nn,) = 0. 

Next, suppose that each is odd, and that two of them, 
say and are equal. Let tt be the substitution whicli 
permutes 

with with 

Again n is odd, and permutes with p, and therefore 

T{R,) = 0. 

Finally, take tt = then 

npn-^ = (\,...,h^){h^+\,...,}ii + h.^)...[p-\+\,...,p) = p^ 

and T(R^) = d^T(R^J. 

Any polynomial which satisfies the conditions (i), (ii) and (iii) 
can therefore be expressed as a sum of polynomials T(R^^), 
where 


Po = (1, ...,Ai)(Ai + l, + ...,p) 
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< ^2 < • • • < + . . . + = jP, 

hi^l (mod 2). 

Now can be written as 

ro 

R ^ piin^X) pur\i2,) pihu^hi) /.>?\ fl A)(/irl 1) pip n^p) 

^po - ^ (1) in, ^(2) • • • ^ih,) ViV- 1 ^ (/J, f 1) • • • ^ (P) 

~ • • • %j)ip-V 

and therefore the polynomial (25) corresponding to T{R^J is 









The corres])onding integral (24) is then 


where 


= diX?i!X ••• 


59*3. We now show that if A > 2?^ — J , can be expressed 
as the sum of products 

... 

wliere ... <h^^2n— 1. 

The polynomial corresponding to Uj^ is T{R^J, where is 
the cyclic sul)stitution 

Po ~ (1 j •••? ^)' 

If we can show that T(R^^) can be expressed as a sum of 
polynomials T{R^) in which the substitutions p involve only 
cycles of order less than h, we can, by a simple induction, show 
that T(RpJ can be expressed as a sum of polynomials T(R^), 
where cr involves only cycles of order less than 2?i— 1. The 
result will follow immediately by constructing the corre- 
sponding integrals. 
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Suppose that h = 2 q—\, where q>n. Then 


0 = 

Pk> •• 

pn 
• M2) 

0 

0 . 

. 0 







p^ • 

pn 
• M4) 

0 

0 . 

. 0 







-^(2g-2) • 

pti 

•• M2r/~2) 

0 

0 .. 

.. 0 


0 

0 

0 

0 

1 

P^q-l) * 

pn 

•• M27-1) 

0 

0 ., 

.. 0 


0 

6 

0 

0 




(^ 2 ,- 1 )^®) - (^ 2 ,- 1 ) 


= S^,(i^2)^>'‘>)-(^(2<,.-l)W. 

y 

where y is the substitution 


Hence 



3 ... 

Ji - 


2 q-'l 

2 q -2 


2?-l\ 
r«-i /■ 


" (26) 

Tlie term written expli(!itly is Sy R^, where 

_ /I 2 ... 2 q -2 2 q-\\ 

^“\2 Ti - 7,,-i y,i /■ 

We liave to consider the terms Rp on the left-hand side of 
this equation for which the substitution p is a cycle of order 
2^' - 1. For all such terms p is an even substitution, and since 

y~^p = {\, 2 ,...,h) 

is also even, = -t- 1 . Further, we can write the cyclic sub- 
stitution p in the form 

p = (2g- 1,73,75-1- 1,A2,/\.2+ 1,...,A3 _i,A3_i-|- 1), 
where A2, ...,A3 _i are odd integers. From the form of p, it 
follows that the substitution 



2 


y<y 


23- 1\ 

Ag- 1 + 1/ 


IS even. 
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But Pq = Tt-^pn = (1,2, 

and therefore T(Rp) = T{RpJ; hence, if there are h terms in 
(26) for which /> is a cyclic substitution of order 2q—V, the 
operation T applied to (26) gives 

kTiR^J + UlW = 0 , 

where the substitutions cr only involve cycles of order less 
than 2g — 1. It only remains to show that k is not zero. This 
follows at once from the case 

(71.72. == (3, 5,. ..,2^- 1,1). 

59-4. We have now seen that any invariant ^-fold integral 
on the group manifold of can be written in the form 


where /? i < 7^2 < . . . < — I , 

+ 

hi^l (mod 2). 

Further, all these integrals are invariant. We have still to see 
whether the integrals 

■■■ xiJi,,, 

where the suffixes satisfy the above conditions, are linearly 
independent. 

We first show that 


= Cl = Xjdxi = 0. 

Since I„ + e“ j 

is an infinitesimal transformation of the group the uni- 
modular condition gives, for all e®. 
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and therefore = X^dx^ = 0. 

Thus, to the above conditions for the suffixes h^, we add > 1. 

We now show that with this new condition the integrals 
of multiplicity p which we obtain by taking all allowable 
partitions of p are independent. Since the Betti number 
R,. of the group manifold is one, there exists an invariant 
integral of multiplicity r, and this can only be a multiple of 

X Q^x ... X 

since 3 + 5 + . . . + ( 2 ^ 2 , — 1) = n^—l. Hence 


Q^x Q^x ... X ^^2/1—1 ^ 

Let P = Qj^^xL>f,^x...xL\^ 

be an invariant -form. There is a unique invariant (r — p)-form 
P^Q,,xQ,x...xQ,^ 

such that Aj, . . . , is a derangement of (3, 5, . . . , 2n - 1 ), 

and PxP Q^x x ... x 

Let . . . , i( 3 ) be the distinct forms 

where /qq- ... h-A^ = p, 

1<Ai<...<A^^27i— 1, 

A^.= l (mod 2). 

Then i>.jxP(,.) = 0 

since the product involves at least one Qf^ twice; and 

^(i) ^ ^ii) ” *^3 X *^5 X ... X £2271-1"^ 

Suppose that the s p-forms are not independent, so that there 
is a relation 
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Then S x /^^) = 0 0'=1, 

i= 1 

and hence = 0 ( j = 1, . . . , 5 ), 

that is, we have a contradiction. 

We have thus obtained a basis for the invariant j9-fold 
integrals on the group manifold M of L^, and we can therefore 
calculate the Betti numbers of M, The Betti number 
is the number of partitions 

h^-\-h2-\- — p 

of p, where 1 < ^ • • • < ^ — 1, 

h.i=i (mod 2). 

It follows that the Poincare ])olynomial of M is 

(l + ^^)(l+^^)...(lf^2/t-i)^ 

60-1. The orthogonal group The determination 

of the invariant integrals of the group manifolds of the other 
simple groups follows the same lines as for the group and 
the diflerences are in details. It will not therefore be necessary 
to give the arguments at such length, and we shall merely deal 
with the points of difference. 

For orthogonal transformations in the vector space there 
is no difference between contravariant and covariant vectors. 
We may therefore write a contravariant vector as a co- 
variant vector where 

= P{h) (^=1,...,^). 

Let /(j), and ..., be 2p vectors, and let 

These will be the tensors of (25). The polynomials (25), 
regarded as polynomials in the components of the 2p vectors, 
satisfy the three conditions (i), (ii) and (iii) of §58-2, but a 
polynomial in the components of the 2p vectors which 
satisfies tliese three conditions is not necessarily of the form 
(25). A fourth condition on the polynomials is required: 
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(iv) if we make an interchange of Qf\ that is, if we replace 

^Ih) by Qlh) by wherever they occur, we change the 

sign of the polynomial. It is easily seen that when the con- 
ditions (i)-(iv) are satisfied the polynomial is of the form (25), 
and is invariant for the transformations of the group. 

The fundamental theorem on the invariants of the ortho- 
gonal group [ 5 ] tells us that a polynomial which satisfies (i) 
and (ii) is a sum of terms each of which is a product of 
factors of the form: 


(6) determinants 

n., - 

pw 



h., - 

TDn 

Moa) 



Q(o,) ••• 

Qh 



••• 




Since the jHoduct of two such determinants is expressible as 
the sum of products of type (a), we may suppose that each term 
has either one or no factor of the type (6). Suppose that there 
is a determinantal factor present. This factor is linear and 
homogeneous in the components of n vectors and therefore the 
factors of type (a) must be linear and homogeneous in the 
components of — n vectors. But this is impossible since 
2p — is odd. Therefore the polynomial is expressible as the 
sum of products of terms of type (a). 

60*2. We now take account of conditions (iii) and (iv). We 
consider 2^jp\ substitutions, made up of jp! permutations of 
Pji), and Q^i\ simultaneously, and 2^ inter- 
changes (P(^), A substitution is odd if it is 

(a) an odd permutation, or (6) a simple interchange, or (c) the 
product of an odd number of substitutions of type (a) and (6). 
If G is any polynomial in the scalar products 

(i^,)P(«)), (©(,)«<«)), (/^,)g(^^)), 


HHI 


i8 
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summed over the 2^^p\ substitutions, where is + 1 or — 1 
according as tt is an even or odd substitution. A basis for the 
polynomials satisfying (i)-(iv) is given by the polynomials 
T(S), where 




in which each vector appears once. As before, we prove that 


7r?VS) = 5,T(/S)= T[7tS). 

Consider a sequence of factors 

of S, The interclianges 

(^k). e*') ^ {Qk), m, e--') -> (e^A,-o. n-'') 

replace this by 

(^AO«(^A,)W-(^A,_.)0'^'>), 

and do not affect the other factors of S, There thus exists a 
substitution tt which changes S into 


and a basis for the ])olynomiaLs is given by the polynomials 
T{Rp). As in §59*2, we show that we can confine ourselves to 
polynomials T(R^), where 

p = (1, 2, ...,hj)(h^+ 1, + (p-h,+ 1, 

and Ai<A 2 < ... 1, h^=l (mod2). 


60-3. We now show that if one of the numbers is con- 
gruent to 1, modulo 4, then T{Rp) is zero. Suppose, for in- 
stance, that = 4g^H- 1. If the substitution tt consists of the 

permutation (2,+ ,, 2,+ 2,_ 
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together with the interchanges 

(^i). m ^ ^ 

then 7T is an odd substitution. But n is interchangeable with p, 
and hence 

T{Rp) = 0. 

Hence a basis for the polynomials is given by the polynomials 
T{Rp), where 

/? = (!, Ai) (^1+ 1, Aj + Ag) ... — Ay+ 1, 

in which Ai < Ag < ••• < ^ - 3, 

A^= — 1 (mod 4). 

The corresponding integral is 

As in § 59*4, we show that 

X Qfj X ... X i^2n—Z 

is the unique integral of multiplicity r. Using this, we prove 
the independence of the integrals as before, and show that the 
Poincare polynomial for the group manifold of Og^^i is 

(1 + ^ 3 ) ( 1 + ^ 7 ) , ^ (1 + ^ 2 n - 3 ) 


61* 1. The orthogonal group Og^, In this case we cannot 
eliminate the possibility of terms in our polynomial having 
a factor 


p^^ 

l>n 

••• ■Mtti) 


••• R(aP 


- OSo 

Qlb^ 

••• 


(A+/^ = n). 


i8-2 
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The difference made by the terms with a determinantal factor 
can be explained in the following way. Consider the improper 
orthogonal transformation given by the matrix 



This is, of course, not a transformation of the group. A term 
which has no determinantal factor is unaltered by the improper 
transformation, but a term with such a factor is changed in 
sign. We call the invariant integrals which are unaltered by 
the transformation aven invariants, and those which are 
changed in sign odd invariants. Clearly every invariant 
integral is the sum of an even invariant and an odd invariant, 
and the process followed in the preceding paragraph serves 
only to find the even invariants. The even invariants are 
therefore compounded by addition and multiplication from 
the forms 

61*2. We now show that itself compounded from 

the other forms. For this, it is merely necessary to show that 
T{Rp), where p is the cyclic substitution ( 1, 2, ..., 2/^—1), can 
be expressed as a polynomial T(R^), where each o’ only in- 
volves cycles of order less than 
We begin with the identity 

(p^^m ... (P(2)e<“) (P(2)P<«) = 0. 

{Pi,)m 

{Pi2n-2)m 





Multiply this by {P( 3 )Q^*'>) ... (P( 2 n- 3 )Q^^”‘~^^)> and apply the 
operator T. If we expand the determinant in terms of the 
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elements in the last row and last column, and make suitable 
interchanges in each of the terms obtained, we find, as in § 59-3, 
that we obtain 

where A; is a positive integer, p is the cyclic substitution 
/o = ( 1, 2, . . . , 2ii — 1) and the substitutions a each involve cycles 
of order less than It follows that be expressed 

as a sum of products of <2n— 1). 

We can show at once that the even invariant integrals 
obtained in this way are independent. Indeed, in the sub- 
manifold of M which represents the sub-group of orthogonal 
transformations leaving the space = 0 invariant, the 
integrals are independent; therefore they are independent 
in the whole manifold. 

The number of even invariant integrals of multiplicity p on 
the group manifold M of the group (> 2 ^ is therefore equal to 
the coefficient of in the polynomial 

(I (1 ... (1+^^'^"^) (n even). 

61*3. We now come to the odd invariant integrals. If a is 
the improper transformation of §01*1, and x is any trans- 
formation of the group axa~^ is a transformation of the 
grou]), and in this way we define a (1-1 ) transformation of the 
group manifold M into itself. Any even invariant integral is 
unaltered by this transformation, while an odd invariant 
integral is changed in sign. Consider the point O of M corre- 
sponding to the identity transformation I,,, and the points 
corresponding to the infinitesimal transformations 

I 4“ (r 1, . . s 1, 5 = 2, ..., Ti), 

where is the (n, n) matrix having the element in the rth row 
and 5th column equal to -h 1, the element in the 5th row and 
rth column equal to —1, and the remaining elements zero. 
Then r -f- 1 points form an indicatrix for M, The transformation 
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of M defined by the improper transformation a changes these 
points into 

In» = 

+ (S>r>l), 

and it follows that the transformation changes the orientation 
of M. Now the dual of any integral is changed in sign when the 
orientation of the manifold is changed, and it follows from this 
that the dual of any even invariant integral is an odd in- 
variant integral, and the dual of an odd invariant integral is 
an even invariant integral. The odd invariant integrals are 
therefore obtained by forming the duals of the even invariant 
integrals. 

The number of odd invariant integrals of multiplicity p is 
therefore the coefficient of in 

(1+^^) (1+^7). ..(1+^2/^-^), 

and this is equal to the coefficient of in 

1 q. ^-3) ( 1 + f-l) . . . ( 1 + ^-2n+5) 

= (H-e3)...(l+^2n-5)^ 

Hence the number of odd invariant integrals of multiplicity 
p is equal to the coefficient of P* in 

It follows that the Poincare polynomial of the group manifold 
of the group O 2 J, is 

( 1 + ( 1 + ^’ ) . . . ( 1 + ( 1 + (n even) . 

61*4. An odd invariant integral of multiplicity n — I can be 
written down at once. We recall that for the orthogonal group 
of transformations in n-space there is no difference between 
covariant and contra variant vectors. We may therefore write 

Q = 


and 
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Then direct calculation shows that 

(а) A = X X . . . X x 

is an odd invariant form, and that 

(б) X ^7 X ... X ^ ^ 

is a non-zero invariant integral of multiplicity r. It follows 
that the invariant integrals on M can each be written as a 
sum of products of 

in which no Qi or A appears more than once in a single term. 

62. The symplectic group This case is very similar 

to that of the orthogonal group If is a contravariant 

vector and we define 

P* is a covariant vector for transformations of the symplectic 
group. To construct the tensors we take 2p contravariant 
vectors PJj . . . , P^), Qfi ), . . . , and write 

^lh)j = Pih)Qwj'^Ah)jQlh)y 

which fulfils the conditions required. To find the invariant 
polynomials (25) we have now to find polynomials in the com- 
ponents of the 2p vectors which satisfy (i)... (iv) of §60-1, 
provided we replace the simple interchange in (iv) by the 
interchange followed by multiplication by —1. The poly- 
nomials are expressible as the sum of terms which are products 
of factors: 

(a) {PM) = -iQ<s)Pf}h {Pir)P^))> {QM)\ 

(b) determinants P^^ ... /(”,) (A +/< = »). 

P^x) ••• 

Ql». - 

Q(b^ ••• 
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Now 


. 

pn 
• ^ia,) 




(P^Pit)) 

•• {P(adQ*bij)) 


pn 


p* 





■ Q^i) 

Qi.n ■■ 

■ Ql)n 




Q(b^ ■ 

•• 

<1 ■ 

■■ Q*biJn 


iQ{b^)Piai)) 

■■■ (Q(b^)Q{bJ) 




Hence the determinant in (6) is equal to 

Thus the determinantal factors can be eliminated. 

From this point on, the reasoning is the same as in §60. 
We find at once that the Poincare polynomial of the group 
manifold of the syraplectic group is 

(l + i3)(l+f)...(l+<2n-i) even), 

and that any invariant integral is expressible as the sum of 
products of 

63 . Conclusion. The method which we have given for 
findin g the invariant integrals on the group manifolds corre- 
sponding to simple groups belonging to any of the four main 
classes is due to R. Brauer. Another method of obtaining the 
Betti numbers of these group manifolds has been given by 
Pontrjagin[4]. Itseemspossiblethatoneof these methods could 
be extended to deal with the five exceptional simple groups. 
When this has been done, it will follow from § 56-7 that we can 
find the harmonic integrals on the group manifold of any closed 
semi-simple group once its decomposition into simple groups 
is known. 
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